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Time-series

How do we interpret data when it is time-dependent?
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Possible tasks
1. Filter the observation noise & patterns
2. Forecast future states or observations
3. Estimate hidden state variables
4. Detect anomalies
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Time-series
How do we interpret data when it is time-dependent?
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Methodology overview
» Machine Learning: State-Space Models
» Control theory: Kalman Filter
» Statistics: Dynamic Linear Models

These methods are all based on Gaussian conditionals
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Intro
0000

Kalman filter — Origin

Developped for NASA as the guiding system for
the Appolo mission (1960)

Still employed today in modern rockets...

“Rocket science” applied to civil engineering J

[Wikiped{¥V Baped]
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Topics organization

1 | Revision probability & linear algebra @&

Revision N(u, Z) Background { Probability distributions [ZX 71

Theory - @ Introduction B3

t+ n| t t| T Learning Bayesian Estimation p(A|B) = %
, .
9 . . Basic MCMC sampling & Newton &%
estimation ~
Regression D

S K F Su;laerws‘ed E Classification e 48
learning
LSTM networks for time series JEi:

Limitations

Unsupervised . bt
learning { State-space model for time-series

Decision { Decision Theory &

Making & RL E Al & Sequential decision problems @
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Revision N(p, ¥)
[ ]

Revision N (y, X)

1.1 Fonctions of Gaussian Random Variables
1.2 Transformation Rule

1.3 Conditional Gaussian PDF
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Intro  Revision N'(p, £) Th t+n ;

Fonctions of Gaussian Random Variables

Fonctions of Gaussian Random Variables — g(X) (Revision)

Given X = [Xy, Xa, -+, X,]T defined by the PDF fx(x), and given
Y =[Y1, Ya,---, Y| obtained from a linear function

g1(X)
8(X)
gn(X)
Question: what is the PDF fy(y),
2 cases: .
We consider only
1. m=n= 1 . )
linear fonctions
2. mn=>1 e, Y — g(X) = AX 1 b

? Polytechnique Montréal
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Revision N(p, ¥)
@000

Transformation Rule

Y=g(X):Casel, m=n=1

fr(y)dy = fx(x)dx ”
J N
X /
M) = KRS e S
Y N
Y dy
fx(x)>0 S
For Y =aX+b 7 ()
dy| S
-EU-TIN
de 7T

X ~ N(x;px,0%) = Y ~ N (yi aux + b, (a0x)?) J
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Transformation Rule

Example: Case 1, Y = 2X [@]

y
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X ~N(10, 5%)
N \g./ o iy
mx o5 Jay
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Y ~ N(Q2ux, (20x)*) 0
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Ky Iy "% o 002 004
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Z0.04
0.02
0
40 0

[CIVML /linearisation.py]
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Revision J

Intro
slelele] Jo]

Transformation Rule

Y = g(X)

oy =9

fx(x)dx = fy(y)dy

()E = f(y)
Dy

Jk,f = J}%Xi = (97

Professor: J-A. Goulet
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: Case 2, m,n>1

Jacobian (Jy x): size of the neighbourhood
from dy to dx

J,V1,X1 Jyl,Xn Vgl (X)
Jy,x = : = :
Sym. J}’m,Xn vgn(x)
dx 1
d_y = ’det Jy7x|
dy
E = ]det Jy7x|

Re(y) = f(x) [det Jy | " J
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Transformation Rule

Y =g(X): Case 2, m,n > 1 (cont.)
Given a linear function Y = g(X) = AX + b where

X1 Hxy
X = y KX = ) zX =
Xn BX,
= X
mx1 mxn

Professor: J-A. Goulet
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nx1 mx1
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Gaussian Conditional PDF (Revision)

Conditional distributions of a multivariate Gaussian are Gaussian

X1 31 } [ I, Xp }
X = s = , z =
{ X2 } H { 2 I X

fx1x, (X1, X2)
f X1| Xp = xp) = 22222 = N(xq; X
X% (X1 X2 = x2) i, (x2) (x1; t1p2, Z1p2)

observations

pip = p1+ EZE (o — p2), Ty =X1 - EpX,En

Xy — fi2
2D: pypp =1 +P<710—27 o12 = 01V 1 = p?

Professor: J-A. Goulet ? Polytechnique Montréal
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Revision N(p, ¥)
0@00

Conditional Gaussian PDF

Example — Multivariate Gaussian Conditional

z9 =T00kN -m

X1 =N(2,7%)

The prior knowledge of the true resistance (X1, X2) of two beams
is

X; ~ N(x1;500,1502) [kN - m]

Xo ~ N(x2;500,150%) [kN - m]
Knowing that the resistance of beams is correlated: p1» = 0.8,
what is the resistance of Xi,
if we observe that x, = 700 kN - m?

fx o (X11x2) = N (x1; a2, U%\z) = N (x1; 660, 90%)

[Radio-Canada]
Professor: J-A. Goulet ? Polytechnique Montréal
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Conditional Gaussian PDF

Example — Multivariate Gaussian Conditional (cont.)

[ 500
PX=1 500
1502 0.8- 1502 ]

fxix (X1, x2) = N (px, Ex)
X = [ 0.8-1502 1502

fxix, (X1, X2 a2 = p1 + poy 22
s (atbie) = 20808 ) 620 4 Z

fx, (x2) o1p = 01y/1 — p?

observation

700 —500
12 = 1501/1 — 0.82 = 90 kN - m

Professor: J-A. Goulet ? Polytechnique Montréal
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ofe 000®0
Conditional Gaussian PDF

Example — Multivariate Gaussian Conditional (cont.) [@]

fi2 = p1 + por 2 k2
o1p = 01y/1 = p?

fxx, (X1, X2
fie (X1132) = 1f;((xz) ):N(M1I27U%I2)
2

H112 =660 042 =90

fx,.x,(X1,X2)

—
o
S fx,ix.(X1lX2)

1000
700

1000 700

[CIVML /poutres_conditionnelles.py]|
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Summary — Multivariate Gaussian

For Y = AX + b, where X ~ N (x; ux, Xx), and a vector of
observations y

py = Apx+b

X KX } [ 3Yx  Ixy ]
2y = AXAT , )
v X Y ] [ Y Syx Xy
2xy = XxAT

prior knowledge
posterior knowledge

j = fxy(x,y)

Ay N(x; pxjys Zxjy)

y(x|Y =y
——

observations

pxjy = px + ExyE (Y — pmy),  Exy = Zx — Ixy Iy Zvx

Professor: J-A. Goulet ? Polytechnique Montréal
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Theory
o
Conceptual introduction

Conceptual introduction

Kinematic equations
o

-~

yi=S11+Vv = s+ sAt+ %§tAt2 + w + v (Position)
S.t+]_ = Slt + gtAt + w (Speed)
St41 = S+ w (Acceleration)

a
9 e
---..'~~
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Conceptual introduction

Kinematic equations
o

yi=S11+Vv = s+ sAt+ %§tAt2 + w + v (Position)
S.t+]_ = Slt + gtAt + w (Speed)
St41 = S+ w (Acceleration)
S

Initial state: sq
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Conceptual introduction

Kinematic equations
o

-~

yi=S11+Vv = s+ sAt+ %§tAt2 + w + v (Position)
S.t+]_ = Slt + gtAt + w (Speed)
St41 = S+ w (Acceleration)

S ( Predicted state:f(s1]so)

Initial state: sq
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Conceptual introduction

Kinematic equations
o

yi=S11+Vv = s+ sAt+ %§tAt2 + w + v (Position)
S.t+]_ = Slt + gtAt + w (Speed)
St41 = S+ w (Acceleration)

S ( Predicted state:f(s1]so)

------ ko)
X
’\Observation: U1
0 1 2 3 4 t'

Professor: J-A. Goulet ? Polytechnique Montréal

State-Space Models - Analysis of time series (Theory) | V2.4 | Proba c Machine Learning for Engineers



Limitations ~ Summar

Conceptual introduction

Kinematic equations
o

yi=S11+Vv = s+ sAt+ %§tAt2 + w + v (Position)

S.t+]_ = Slt + gtAt + w (Speed)
St41 = S+ w (Acceleration)

S

___:::_O/Updated state: f(s1]s0,v1)
e
’\Observation:m
0 1 2 3 4 t'
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Conceptual introduction

Conceptual introduction

Kinematic equations
o

yi=S11+Vv = s+ sAt+ %§tAt2 + w + v (Position)
S.t+]_ = Slt + gtAt + w (Speed)
St41 = S+ w (Acceleration)

V)
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°

Theory

2.1 Conceptual introduction
2.3 Basic problem setup

2.4 Notation

2.5 Prediction and update steps
2.6 Example #1

2.7 General formulation

Professor: J-A. Goulet 9 Polytechnique Montréal
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Basic problem setup

Example #1 — Temperature time-series

20 T
18+ -o B[ Xi|y1.] |
16+ :E[thyl:t] + O[Xt|yl:t] i
Yt
14+ -«- true values 1
2121 * |
o 3
£ 8 X . |
6 L |
4 L |
2 L |
O 1 2 3 4 5
Time - t
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Basic problem setup
t=0,1,---, T: Discrete time stamps
x¢: State of a system at a time step t (deterministic, yet unknown)
v+ Imperfect observation of x; at a time step t

observation error
o\

. . 2
Ve =Xt + Ve, Vi: VNN(V,O,Uv)
—_—
observation model

model error

Xe =Xt 14+ we, we: W~ N(w;0,0%)
—_—

transition model

Our knowledge of x; conditional on the all available data y;j.¢ is

ey (Xely1:e) = N (xe E[Xe|y1:e], Var[Xe|y1:e])

Professor: J-A. Goulet ? Polytechnique Montréal
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Notation

Compact notation

Long form =
ye oot =
E[Xelyre] =
E[Xt|y1:e-1]
Var[Xe|y1:¢]

Professor: J-A. Goulet

Short form
Vit

et

Htlt—1

2
Tt

? Polytechnique Montréal
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Prediction and update steps

Limitations ~ Summar

Prediction step: t=0—>t =1
At time t = 0 only our prior knowledge E[Xo] = 1o and
Var[Xo] = 03 is available. Note: no knowledge, Var[Xg] — oo

We compute our prior knowledge at t = 1 from our knowledge

at t = 0.

Transition model: x; = xo + wi, wi : W ~ N(0,0%,)

Observation model: y; = x; + vi, vi: V ~N(0,0%)

E[X1|Xo]
Var[X1|Xo]
E[Y1]Xo]
Var[Y1|Xo]
Cov[X1, Y1|X0]

Professor: J-A. Goulet

H1jo

U%|o

H1jo
U%‘O + a%/

2
%10

Ho

08 + aﬁv

Ho

08 + aﬁv + a%/
08 + Uﬁv

? Polytechnique Montréal
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Prediction and update steps

Update step: t =1
Joint prior knowledge: f(xi,y1|x0) = N (i, X)

o [22]- (3
Ky E[Y1|Xo]
s — [ ZX ny :| _ [ Var[X1|Xo] COV[)(l7 Y1|X0] :|
Zyx Zy COV[Xl7 Y1’X0] Var[Yl\Xo]

Posterior knowledge:

f(X1,Y1\X0)

f(xulxo, y1) = :N(Xl;/ﬁ1|1’gf|1)

f(y1lxo)
Posterior mean and variance:
mp = px+IxyIy(n — py)
O‘%Il = YXx— szz;lzyx

Professor: J-A. Goulet ? Polytechnique Montréal
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Prediction step: t — 1 — t

From our posterior knowledge at t — 1, the transition model
Xt = X¢—1 + wy and the observation model y; = x; + v,
we can compute our prior knowledge at t

E[Xt|ly1.e-1] = Htjt—1 = Hi-1]t-1
Var[Xelyr:e-1] = ‘7$|t—1 = 0?—1|t—1 +ojy
E[Yilyre-1] = Helt—1
Var[Yelyie-1] = 0701 + oy +o3
—_——
0$|t—1

COV[Xn Yt|)’1:t—1]

2 2
Ot 1jt-1 T 0w

Professor: J-A. Goulet ? Polytechnique Montréal
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Prediction and update steps

Update step: t —1 — t
Joint prior knowledge: f(x, yt|y1.t-1) = N(p, X)
= [ 3% } _ { E[Xt|y1:t-1] ]
py E[Y:|y1:e-1]

s _ [ Yx Xxy } _ [ Var[Xely1:e—1]  Cov[Xe, Yelyr:e—1] ]
Yyx Ly Cov[Xe, Yelyr:e—1]  Var[Yelyi:e—1]

Posterior knowledge:

f(xtayt’yl:t—l)

f(xe|y1:t) = = N(x¢; 07
(xely:t) F(velyre_1) (xe H|t t\t)
Posterior mean and variance:
e = px + IxyIyt(yve — py)
O-?|t = YXx-— szZ;IZYX

Professor: J-A. Goulet ? Polytechnique Montréal
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Example #1

Example #1 — Temperature time-series

20 T
18+ -o B[ Xi|y1.] |
16+ :E[thyl:t] + O[Xt|yl:t] i
Yt
14+ -«- true values 1
2121 * |
o 3
£ 8 X . |
6 L |
4 L |
2 L |
O 1 2 3 4 5
Time - t
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Example #1 — Temperature time-series

We want to estimate the temperature x; over a period of 5 hours
using imprecise measurements made every hour, t =0 : 5.

Our prior knowledge is that E[Xp] = 10°C and o[Xp] = 2°C.

observation error
N

yt:Xt+Vt, Vt:VNN(O,22)
—_——

observation model

model error
Xt = X¢—1 + Wg, Wg ! W ~ N(0,052)
—— —

transition model

Professor: J-A. Goulet ? Polytechnique Montréal
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Example #1 — Temperature time-series [4]

20
t=1]y="T1 .
e E[thlll i]
E[X; 1] = E[Xi 1yre—1] = 10 18 = BX|y14] £ o[ Xy
Var[X 1 -+- true values
16
14
12
z
2 10
5
2l
8
6
4
2
K 1 2 3 4
Time - t

[CIV_ML/KF _example_LL.m]
Polytechnique Montréal
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Example #1 — Temperature time-series [4]

20

t=1]y =71 .
- B[Xi|y1] 1072

E[Xi 1] = E[Xi-alyre-1] =10 18 = EXly £ o[ Xy || 1
Var[X;_qj— 4 -« true values

16
Prediction step: 14
=z +w, w: W ~N©0,08)
Y=z +v, vV ~N(002) 1ok

%
EXyj] = B[Xi 1] =10 o
ElYi] = E[Xy1] =10 =
Var[ Xy ] = Var[X, 1] + ofy = 4 i

8

Var(Yi-] = Var[Xy] + of = L

Cov[ Xy, = Var[Xy,] = 4.3 6

C -

PXY = ooy — 072
4
2
K 1 2 3 4

Time - t

[CIV_ML/KF _example_LL.m]

Professo Polytechnique Montréal
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Imation

Intro
Example #1
- - m,
Example #1 — Temperature time-series [4]
20
t=1]y="11 .
E[X|y: -
E[X, ] = E[X, i) = 10 N :E{xﬁu j & o || 197
Var[X, 11 =
- tluc values b}
16 =
=
Prediction step: ‘ 14 i
=z +w, w: W ~N©0,08) 20
y=z+v, vV ~N(0,02) 1
=z
EXyj] = B[Xi 1] =10 < 108,
Eipa] = BXya] =10 E o7 E[Xiyr] =85 o[Xily1] =14
Var[Xy 1] = Var[X; 1] + of S
Var[Yy ] = Var[Xy ] + of = 8. .
Cov[ Xy, = Var[Xy,] = 4.3 6
C -
PXY = ooy — 072
4
Update step:
Cool Xy YyJ—EYye) - 2
E[Xy)] = E[Xy_] + —A=tplem et way'[y:‘,,: e
=89 CovlXye 1 Vg 0
Var(Xy) = Var[Xy,_| - Setial o g 1 2 3 1
Wi Time - t

[CIV_ML/KF _example_LL.m]
Polytechnique Montréal
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Example #1

Example #1 — Temperature time-series [4]

20
t=2]y =123 .
E[Xi|y
E[X; ] = E[Xi 1Y) =85 18 :'E{X;kyl j + o[ X |yl
Var(X, 1] = 2. Yt
-+ true values
16
14
12
=z
o
=
2]

6

4

2

O 1 2 3 4
Time - t

[CIV_ML/KF _example_LL.m]
Polytechnique Montréal
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Example #1

Example #1 — Temperature time-series [4]

20
t=2|y =123 -~
E [Xr|1l i] L1072
BXe 1] = BlXeoilyre-] = 8.5 18 :'E[thJl o £ o[ Xilyr] 10
VarlXi-ip- 2 - tluc values
16
Prediction step: 14

=z +w, w: W ~N©0,08)
Y=z +v, vV ~N(002)

Im[X,‘, 1) = Var[X;_y— 1] +<7|
Var[Yy ] = Var[Xy ] +of =

Cov[X;, )
‘Z 6
PXY =
4
2
O 1 2 3 4
Time - t

[CIV_ML/KF _example_LL.m]

Professo Polytechnique Montréal
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Intro
Example #1
- - m,
Example #1 — Temperature time-series [4]
20
t=2]y =123 .
E[X |y .
Bl = ElXic ] =55 N ‘:'E{X;I‘jljid[)(r\‘/”] 102
Var[X; qy4] = 2. n
- tluc values b}
16 =
H
Prediction step: ‘ 14 i
=z +w, w: W ~N©0,08) 20
y=z+v, vV ~N(0,02) 1 ’ 12.3
% e 00 £
5 < 104
: s T E[Xi|y14] =9.9 o[Xi|yr] =12
Im[X,‘, 1) = Var[X;_y— 1] +<7| S
Var[Yy-1] = Var[Xy, ] + o} = =
Cov[X, ‘
f‘z 6
PXY =
4
Update step:
Coul Xy Vit )= E[Yyy—
E[Xy] = E[Xy] + CorlXy IL'}:y’[vi‘],i/: Wyah 2
Var{Xy] = Var[Xy,_] — Ll g 50 0 i 2 3 1
Wi Time - t
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Example #1

Example #1 — Temperature time-series [4]

t=3|y= 2
Solm= o E[X|y1
E[X; ] = E[Xi 1Y) = 9.9 18 :'E{X;Iyl j + o[ X |yl
Var[X; qy4] = 1.5 Yt
-+ true values
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14
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o
=
&

6

4

2

O 1 2 3 4
Time - t
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Example #1

Example #1 — Temperature time-series [4]

20
t=3|yw=9 ~ N
18 :'E[thJl o] £ o[ Xilyr4]
- tluc values
16
Prediction step: 14

=z +w, w: W ~N©0,08)
Y=z +v, vV ~N(002)

E[Xyi—1]) = B[X,- 1— 1]=99
E[Yyi1] = E[Xy-1] =99

Var[Xy;—1] = Var[X,_y-1] +<7|
Var[Yy ] = Var[Xy ] +of =

.
Cov[X;, )
‘Z 6
PXY =
4
2
O 1 2 3 4

Time - t
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Example #1

Limitations ~ Summar

Example #1 — Temperature time-series [4]

20
t=3 =9
- BXiy1.] 102
BlXu- '] = ElXialyrai] =99 18 = ELXilya] £ o{Xly] o
Var[X; qy4] = 1.5 Y 2
-+- true values b}
16 =
H
Prediction step: m é
2 =a+w, w: W~ N(0,08)) %0
y=z+v, vV ~N(0,02) 12 N
" U 00 z,
E[Xyi-1] = E[X;_1j-1] = 9.9 o 10h.
ElYy1] = E[Xj1] = 9.9 K;]E - BlXilyn] =06 o[ Xulyr] =11
Var[Xy;—1] = Var[X,_y-1] +<7| S
VarlYy-1] = Var[Xy, ] + of = .
Cm/[X,‘Z P
PXY =
4
Update step:
Cov[Xyjr—1 Y1) (= E[Yyy—
E[Xy] = E[Xy1] + W 2
=9.6
VarlXap - VarlX, SRR TSI i 3 3 i
ar[ Xy, = Var[Xy; ] e ] E
Time - t
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Example #1 — Temperature time-series [4]

20
t=4]y =16 .
E[Xi|y,
E[X; ] = E[Xi 1yre1] = 9.6 18 :'E{X;kyl j + o[ X |yl
Var[X, 1] = 1.2 Yt
-+ true values
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Example #1 — Temperature time-series [4]

20
t=4|y =76 .
-o B[ Xi|y14] o
_ ? .10
B[Xi-lyre-1] =96 18 = E[X,|y4] + o[ Xi|y1]
1.2 Y
-+- true values
16
Prediction step: 14

=z +w, w: W ~N©0,08)
Y=z +v, vV ~N(002)

EXjj] = B[X; 1] =96
ElYi] = E[Xy1] =96
Var[Xy—1] = Var[X,_y-] + o}
Var[Yy ] = Var[Xy ] +of =

- .
Cov[ Xy, = Var[Xy;] = 1.5 6
Yy = ¢ = (.52
PXY = SRy o) — O0F
4
2
O 1 2 3 4
Time - t
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Example #1
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Example #1 — Temperature time-series [4]

20
t=4]y =76 o
E[Xi|y] 102
D] = ElXoalyret] =86 18 = E(X{ynd £ oXilyn] | 20
Var[X; 11 . Ut T
-+- true values b}
16 =
B
Prediction step: 14 ;’:‘:/
=z +w, w: W ~N©0,08) 20
y=z+v, vV ~N(0,02) 1 ’
2
BlXy) = E[Xy 1] = 96 5 Lok
EYiyi] = E[Xy—1) =96 :or E[Xlyia] =01 o[Xilyri] =1
Var[Xy—1] = Var[Xi_yj—1] + o 5 - 3
Var[Yy-1] = Var[Xy, ] + o} = N M
Cov[ Xy, = Var[Xy1 6
o= O — 052
PXY = TRl O
4
Update step:
Cool Xy YyJ—EYye) - 2
E[Xy,] = f‘[Xv\t—l] 4 et LT P 1) IV/I’Y’[V:V,: et
=91
Var(Xy] = Var[Xy,_ ] — L8l g 0 0 i 3 3 1
VarlVy o
ime -t
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Example #1 — Temperature time-series [4]

20
t=5]y =102 -
E[XrlU i]
BlXipe] = E[X' ] =91 18 :f[xdyl A £ o[ Xyl
-+- true values
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Example #1 — Temperature time-series [4]

20
t=5|y= IO.EZ[X | o1 o E[Xi[y14] 102
1Y =2 18 = E[Xi|y14] £ o[ Xi|y14]
11 Yt
-+- true values
16
Prediction step: 14

=z +w, w: W ~N©0,08)
Y=z +v, vV ~N(002)

E[Xm—l E[Xr—l\r—l] =91
E[Ym—l] E[Xﬂt—l] =9.1
Var[ Xy 1] = Var[X,_yp ] + ofy = s
Var[Yyi ] = Var[Xy 1] + o} =53 N ¢
Cm/[X,‘Z 1.3 6
PXY =
4
2
K 1 2 3 4
Time - t
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Example #1

Example #1 — Temperature time-series [4]

20

t=5y =102 o
B[Xi|y1]
ElXi - 1]*E[Xr 1Y) =9.1 18 :.E[thm]ig[xr“/“]
- tluc values

16
Prediction step: 14
=z +w, w: W ~N©0,08)
y=z+v, vV ~N(0,02) 1 ’

z
EXyj] = B[Xi ] =91 o
ElYi] = E[Xy1] =91 =
Var[Xy—1] = Var[X,_y-] + o} : e

E[Xi|y14) =94 o[ Xi|yia] =1

8
Var(Yy ] = Var[Xy ] + of = 5. ’ ¢
Cov[ Xy, = Var[Xy;] = 1.3 6
[¢
PXY = o) — 0
4
Update step: .
B[] = By o] + i) 2
= )-4 Tou! V., 2
Var(Xy) = Var[Xy, ] - % -1 0 i 3 3 1

Time - t
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Example #2 — Temperature time-series (constant speed)

106535, -o- X[y |
...’.""’-z l:'E[th/l:f] + O'[Xt‘yl:t]
7 T, -y
‘ ¢ el -«- true values
g O .., 1
& it
Senny
—10 | ° -...‘“g.. |
0 1 2 3 4 5 6 7 8 9 10
Time - t
o B ||
o = E[X|yi4] £ o[ Xi|y14]
20 -«- true values
= 0 . 1
=z
)
k]
[}
=
o<t

Time - t
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)O®0000000

Example #2 — Temperature time-series (constant speed)

We want to estimate x; = [x¢, x;|T, the temperature and its rate
of change over a period of 5 hours using imprecise measurements

made every hour, t =0 : 5. C=[1,0]
~~

Ve=xt+vi= C X+ v

observation model

Xe = Xe—1+Atxe_1+we | _ ~=
. . . = Xt = AXt_]_+ W
Xt = Xe—1 + Wt

transition model

We peed a general.formulation y: = Cx¢+ vy
applicable for any linear X; = Axs_1+w;
observation/transition model

? Polytechnique Montréal
30/ 62

Professor: J-A. Goulet
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General formulation — Prediction step: t — 1 — t

We compute our prior knowledge at t from our posterior

knowledge at t — 1.

Transition model: x; = Ax;—1 + w¢, w;: W, ~ N(0,Q)

Observation model: y; = Cx; + v¢, v; 2 Vi ~ N(0,R)

E[Y¢|y1:t-1]
COV[Yt|y1:t—1]
COV[Xn Yt|}’1:t—1]

Professor: J-A. Goulet

AMt—1|t—1
AL, ;. ,AT+Q
CHt|t—1

Cx,; 1CT+R
X, CT

? Polytechnique Montréal
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Limitations ~ Summar

General formulation — Update step: t — 1 — t
Joint prior knowledge: f(x¢,yely1:t—1) = N(pu, X)

“:[NX}:[ Ht|t—1 ]

Ky E[Y¢|y1:e-1]

> _ [ Tx Ixvy ] _ [ ) TP Cov[X¢, Yely1:e—1]
Tyx Xy Cov[X¢, Yelyr:e—1]T Cov[Y¢|y1:¢—1]

Posterior knowledge:

f(Xe,ye|y1e—1)
f(Xely1:e) = “Flyeyrea) N(xt; trefes Zo)r)

Posterior mean and variance:
e = px+ IxvEyl(ye — py)
T = EIx— IxyEy'Zyx

Professor: J-A. Goulet ? Polytechnique Montréal

State-Space Models - Analysis of time series (Theory) | V2.4 | Probabilistic Machine Learning for Civil Engineers



t+n|t, t|T € atio Limitations  Summar

)OO000@0000 ¢

General formulation — Kalman Filter classic equations
Prediction step
Hee—1 = Ape 101
Y1 = AE 1 ATHQ
Measurement step
f(xelyre) = N(xf;u‘ﬂtazﬂt)

Bee = Hyje—1+ Kere Posterior expected value
¥4 = (1-K{C)X;_; Posterior covariance
rr = Yi— V¢ Innovation vector
i = Cpye: Prediction observations vector
Ky = 2t|t_1CTGt_1 Kalman gain matrix
G: = CX,;1CT+R Innovation covariance matrix

Professor: J-A. Goulet ? Polytechnique Montréal
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Example #2 — Temperature time-series (constant speed)

106535, -o- X[y |
...’.""’-z l:'E[th/l:f] + O'[Xt‘yl:t]
7 T, -y
‘ ¢ el -«- true values
g O .., 1
& it
Senny
—10 | ° -...‘“g.. |
0 1 2 3 4 5 6 7 8 9 10
Time - t
o B ||
o = E[X|yi4] £ o[ Xi|y14]
20 -«- true values
= 0 . 1
=z
)
k]
[}
=
o<t

Time - t
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5 0000000800 0O0C
General formulation

Example #2 — Temperature time-series (constant speed)

We want to estimate x; = [x;, x¢]T, the temperature and its rate
of change over a period of 5 hours using imprecise measurements
made every hour, t =0 : 5.
1,0l voA(OR
A (O,R)
Ve=xt+vi= C xt+"v

observation model

W~N(0,Q)
~ =
X [1 At} we
Abs % |LO 1 Ve
Xt = Xt— X w; A~ T
.t -1t .t1+.t}EXt: AXt_1+Wt
Xy = Xg—1 + Wt

Vv
transition model

Professor: J-A. Goulet ? Polytechnique Montréal
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General formulation

Limitations

Summar

Example #2 — Temperature time-series (constant speed)

[1,0]  vA(OR
) (O,R)
ye= C xt+"wv
observat?gn model
W~AN(0,Q)

=

Xt [1 At] we
%t 1 Wit
A ~ =

Xy = A Xt—1 + W;

transition model

Model errors

Professor: J-A. Goulet

State-Space Models - Analysis of time series (Theory) | V2.4 | Probabilistic Machine Learning for Civil Engineers

Bk
N w

Prior knowledge

E[Xo] = 10°C, o[ Xp] = 2°C
E[Xo] = —1°C, o[ Xo] = 0.5°C
Xo A Xo — pxoxo =0

10 220
”0_[—1]’ ZO_[ 0 0.52}
Observation errors

R = O'%/ =22
At?
2 | 02 =01
At

? Polytechnique Montréal
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General formulation

Example #2 — Temperature time-series (const. speed) [@]

[CIV_ML/KF_example_LT.py]

Professor: Goulet

State-Space Models - Analysis of time series (Theory) | V2
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Example #2 — Temperature time-series (const speed) [@]

10823:s -e- E[Xf|yl f] |
— ‘:'E[Xthh o] £ o[ Xi|y14]
< - Yt
\ -«- true values
() 0 1
=
A
—10} |
0 1 2 3 4 5 6 7 8 9 10
Time - t
W2t e EXlyd] |
, = E[Xly1] £ o[ Xy
&% -« true values
g 0f *
E [ S L
S 2 f
=
= b .

4y 1 2 3 4 5 6 7 3 9 10
Time - t
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General formulation

Example #2 — Temperature time-series (const. speed) [@]

106: “o B[ Xi|y14] |
= E[Xi|y14] + o[ Xely14]
>3 . - Yt
| -« true values
¢ o 1
2
710 - B
0 1 2 3 4 5 6 7 8 9 10
Time - t
v oo e B X |
o = E[X{|y14) £ o[ Xi|y14]
a0 -+ true values
= of |
S [ Y G
P & i
% P e 3
~
—4 L L L L L L L L L

0 1 2 3 4 5 6 7 8 9 10
Time - t
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General formulation

Example #2 — Temperature time-series (const. speed) [@]

106: “o B[ Xi|y14] |
S E[Xi|yi] £ o[ Xi|yr]
> - Yt
| -« true values
¢ o 1
2
710 - B
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
0 |
Q
= L GREEEE o
o —2f e |
% P e Summm -
o~
—4 L L L L L L L L L

0 1 2 3 4 5 6 7 8 9 10
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General formulation

Example #2 — Temperature time-series (const. speed) [@]

106: “o B[ Xi|y14] |
S E[Xi|yi] £ o[ Xi|yr]
> . - Yt
: e -«= true values
¢ o 1
2
710 - B
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
a0 -+ true values
2 o ]
= L GREEEE o
f? —2F .."o ....... ]
% P e Summm -
o~
—4 L L L L L L L L L

0 1 2 3 4 5 6 7 8 9 10
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General formulation

Example #2 — Temperature time-series (const. speed) [@]

106: “o B[ Xi|y14] |
S E[Xi|yi] £ o[ Xi|yr]
> - Yt
| -« true values
¢ o 1
2
710 - B
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
0 |
g
o
LS 4
@
=
~

4 5 6 7 8 9 10
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General formulation

Example #2 — Temperature time-series (const. speed) [@]

106: “o B[ Xi|y14] |
S E[Xi|yi] £ o[ Xi|yr]
> - Yt
| -« true values
¢ o 1
2
710 - B
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
a0 -+ true values
2 o) |
o
LS 4
@
=
~

4 1 2 3 4 5 6 7 8 9 10

Time - t
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General formulation

Example #2 — Temperature time-series (const. speed) [@]

106: “o B[ Xi|y14] |
S E[Xi|yi] £ o[ Xi|yr]
> - Yt
| -« true values
¢ o 1
2
710 - B
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
0 |
g
o
LS 4
@
=
~
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Limitations ~ Summar

General formulation

Example #2 — Temperature time-series (const. speed) [@]

106: “o B[ Xi|y14] |
S E[Xi|yi] £ o[ Xi|yr]
> - Yt
| -« true values
¢ o 1
2
710 - B
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
0 |
g
o
LS 4
@
=
~
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General formulation

Example #2 — Temperature time-series (const speed) [@]

10"' - E[Xt‘yl 1] |
= E[Xi|y14] + o[ Xely14]
> =Yt
| -« true values
L 0 |
2
710 - B
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
0F |
Q
o
LS 4
@
=
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General formulation

Example #2 — Temperature time-series (const speed) [@]

10"' - E[Xt‘yl 1] |
= E[Xi|y14] + o[ Xely14]
> =Yt
| -« true values
L 0 |
2
710 - B
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
0F |
Q
o
LS 4
@
=
~
—4 L L L L L L L L L

0 1 2 3 4 5 6 7 8 9 10
Time - t
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General formulation

Example #2 — Temperature time-series (const speed) [@]

10"' - E[Xt‘yl 1] |
= E[Xi|y14] + o[ Xely14]
> =Yt
| -« true values
L 0 |
2
710 - B
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
0F |
Q
o
LS 4
@
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General formulation

Example #2 — Temperature time-series (const speed) [@]

10"' - E[Xt‘yl 1] |
= E[Xi|y14] + o[ Xely14]
> =Yt
| -« true values
L 0 |
&% hi SLTYORS
—10f . |
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
0F |
Q
o
LS 4
@
=
~
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General formulation

Example #2 — Temperature time-series (const speed) [@]

10"' - E[Xt‘yl 1] |
= E[Xi|y14] + o[ Xely14]
> =Yt
| -« true values
L 0 |
& .
—10+ < i
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
0F |
Q
o
LS 4
@
=
~
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General formulation

Example #2 — Temperature time-series (const speed) [@]

10"' - E[Xt‘yl 1] |
= E[Xi|y14] + o[ Xely14]
> =Yt
| -« true values
L 0 |
& .
—10f b G 2 |
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
0F |
Q
o
LS 4
@
=
~
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General formulation

Example #2 — Temperature time-series (const speed) [@]

10"' - E[Xt‘yl 1] |
= E[Xi|y14] + o[ Xely14]
> =Yt
| -« true values
L 0 |
& .
—10| "‘n._‘ |
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
0F |
Q
o
LS 4
% B PP TTTETY
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General formulation

Example #2

— Temperature time-series (const speed) [@]

104:

State - x¢

—10+

-e E[Xt\yl 1]

-« true values

= E[Xye] £ o[ Xyl | |
=Yt

Time - t

Rate of change - x';

-& E[X{ly1] )
R E[X Y] £ o[ X |y1a]
-+ true values
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General formulation

Example #2 — Temperature time-series (const speed) [@]

10"' - E[Xt‘yl 1] |
= E[Xi|y14] + o[ Xely14]
> =Yt
| -« true values
L 0 |
& .
—10 "‘.“‘*"‘I-. ]
| | | | | | | L ]
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
0F |
Q
o
]
@
=
~
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General formulation

Example #2 — Temperature time-series (const speed) [@]

10"' - E[Xt‘yl 1] |
= E[Xi|y14] + o[ Xely14]
> =Yt
| -« true values
e 0 |
& b
—10+ "‘.“‘*"‘I-. i
| | | | | | | L 1S
0 1 2 3 4 5 6 7 8 9
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
0F |
Q
= ) s o
P & |
=
~

Professor: J-A. Goulet




Limitations ~ Summar

General formulation

Example #2 — Temperature time-series (const speed) [@]

10"' - E[Xt‘yl 1] |
= E[Xi|y14] + o[ Xely14]
> =Yt
| -« true values
L 0 |
—10+ "‘.“‘*"‘I-. i
| \ . \ | . | L I
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -& E[X{ly1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
0F |
g
o
LS 4
‘% LIl r e gurnangiIIIIGIIIINIG
~

Professor: J-A. Goulet



t+n|t t|T
[ ]

t+n|t, t|T

3.1 Introduction to forecasting and smoothing
3.2 Forecasting: f(X¢+n|y1:t)

3.3 Smoothing: f(x¢|y1.7)

Professor: J-A. Goulet ® Polytechnique M
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Introduction to forecasting and smoothing

Filtering/Smoothing /Forecasting
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00@00C

#L;réc;sting: f(Xt+nl|y1:t)
Forecasting: f(X¢in|Y1:t)
Prediction step

f(xer1lyre) = N(Xew1; Beg1je Degfe)

Het1e = ANt|t
2t—|—1|1: - A2t|tAT+Q

When forecasting, there is no update step

When data is missing at a time step,
the new estimate = forecasting

Professor: J-A. Goulet ? Polytechnique Montréal

State-Space Models - Analysis of time series (Theory) | V2.4 | Proba c Machine Learning for Civil Engineers 4
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Example #2 (cont.) — Forecasting temperature

Prior knowledge

L9 ven(R) E[Xo] = 10°C, o[Xo] = 2°C
Y = C Xt + Vi E[XO] = OOC, O'[XO] =0.5°C
observat?gn model XO 1L XO - pXoXo =0
W~A(0,Q)
o 11 At 8 10 22 0
|:tj||: 1] |:t:| Mo = 720: 2
Xt Wt 0 0 05
_~ A~
Xt = A xp1+"we Observation errors
transition model
R = O'%/ = 22
Model errors
) A A )
Q=0 | 3 2 |, o, =01
NN

? Polytechnique Montréal

Professor: J-A. Goulet
41/62
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Forecasting: f(x¢+n|y1:t)

Example #2 (cont.) — Forecasting temperature [@]

[CIV_ML/KF_example_LT.py]
Professor: Goulet Polytechnique M
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Forecasting: f(Xt+n|y1:¢)

Example #2 (cont.) — Forecasting temperature [@]

20! - E[Xf|?!1 ,] .
:'E[thyl o) £ o[ Xily1)
B =Yt
" 10«:::::::! -«= true values )
38
<
= 0r )l
—10 |
0 1 2 3 4 5 6 7 8 9 10
Time - t
ol -o E[X{|y1] . 1
3 E[X{|y14] + o[ Xi|y14]
== true values
0f |

Rate of change - x';

—4 I I I I I I I I I
0 1 2 3 4 5 6 7 8 9 10

Time - t
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Example #2 (cont.) — Forecasting temperature [@]

20 |- o B[ X¢|yi] —
= E[Xi|y14] + o[ Xily14]
>3 ¢ =Yt
4 10':::::::! ------ -« true values 1
©
z o0 |
—10} |
0 1 2 3 4 5 6 7 8 9 10
Time - t
v ool - EXid ||
o = E[X{|y14) £ o[ Xi|y14]
e -+ true values
0 |
g
E L ELEEET @mmmmmn
S o |
=
o~
—4 L L L L L L L L L

0 1 2 3 4 5 6 7 8 9 10
Time - t

Professor: J-A. Goulet

State-Space Models - Analysis of time series (Theory) | V2.4 | Probabilistic Machine Learning for Civil Engineers



Limitations ~ Summar

Example #2 (cont.) — Forecasting temperature [@]

20 1 o B[ X¢|yi] i
S E[Xi|y1] £ o[ Xi|yr]
>3 3 —— Yt
" 10‘:::::::! """" 4 - o= true values ]
o | el -
& 0f |
—10} |
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
g B
o
LS 4
)
=
o~

0 1 2 3 4 5 6 7 8 9 10
Time - t

Professor: J-A. Goulet

State-Space Models - Analysis of time series (Theory) | V2.4 | Probabilistic Machine Learning for Civil Engineers



Limitations ~ Summar

Example #2 (cont.) — Forecasting temperature [@]

20 1 o B[ X¢|yi] i
S E[Xi|y1] £ o[ Xi|yr]
>3 ® —— Yt
7 10‘:::::::! """" —— - e true values 1
o | el -
& 0f |
.
—10} |
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
g B
o
LS 4
)
=
o~

0 1 2 3 4 5 6 7 8 9 10
Time - t
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Example #2 (cont.) — Forecasting temperature [@]

20 © o E[X;|y14] J
S E[Xi|y1] £ o[ Xi|yr]
>3 3 —— Yt
" 10':::::::! """" ... -e- true values i
o | TTTemeell -
& 0r |
.
—10} |
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
Q B
o
LS 4
)
=
o~

0 1 2 3 4 5 6 7 8 9 10
Time - t
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Example #2 (cont.) — Forecasting temperature [@]

20 1 o B[ X¢|yi] i
= E[Xi|y14] + o[ Xily14]
>3 3 —— Yt
>‘< 10‘:::::::! ------ ."u -« true values )
o | TTTemeell -
= B TS »
s 0 | ]
¢
—10} |
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
g B
o
LS 4
)
=
o~

0 1 2 3 4 5 6 7 8 9 10
Time - t
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Example #2 (cont.) — Forecasting temperature [@]

20 © o E[X;|y14] J
= E[Xi|y14] + o[ Xily14]
>3 3 —— Yt
>‘< 10‘:::::::! ------ ."u -« true values )
o | TTTemeell -
= TTerzzz.
Z of s j
¢
—10} |
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -o BX]|y1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
g B
o
=
) ]
=
o~

4 I I . I I I I I I
0 1 2 3 4 5 6 7 8 9 10

Time - t
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Example #2 (cont.) — Forecasting temperature [@]

20 © o E[X;|y14] J
= E[Xi|y14] + o[ Xily14]
>3 3 —— Yt
>‘< 10‘:::::::! ------ ."u -« true values )
o | TTTemeell -
= TTerzzz. N
& 0f L B —
¢
—10} |
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -& E[X{ly1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
3 |
o
LS 4
)
=
~

Time - t
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Example #2 (cont.) — Forecasting temperature [@]

20 © o E[X;|y14] J
= E[Xi|y14] + o[ Xily14]
>3 3 —— Yt
>‘< 10‘:::::::! ------ ."u -« true values )
o | TTTemeell -
= TTerzzz. N
& 0f L B —
¢
—10} |
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -& E[X{ly1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
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o
LS 4
)
=
~

Time - t
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Example #2 (cont.) — Forecasting temperature [@]

20 © o E[X;|y14] J
= E[Xi|y14] + o[ Xily14]
>3 3 —— Yt
>‘< 10‘:::::::! ------ ."u -« true values )
o | TTTemeell -
= TTerzzz. N
s 0r S, B i
¢
—10} |
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -& E[X{ly1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
3 |
o
=
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Example #2 (cont.) — Forecasting temperature [@]

20 © o E[X;|y14] J
= E[Xi|y14] + o[ Xily14]
>3 3 —— Yt
>‘< 10‘:::::::! ------ ."u -« true values )
o | TTTemeell -
= TTerzzz. N
s 0r S, B i
¢
—10} |
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -& E[X{ly1] ) i
© R E[X Y] £ o[ X |y1a]
e -+ true values
3 |
o
=
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=
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Time - t
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Example #2 (cont.) — Forecasting temperature [@]

20 |- o B[ X¢|yi] —
= E[Xi|y14] + o[ Xily14]
- Yt

; |
‘ 101:___.::! ...... o.,_. -«- true values
EE R —
= b 1T ¢
2 or 0 TUTTEERRLLL Sl N )
o Tl
~10} |

Time - t

-& E[X{ly1] )
R E[X Y] £ o[ X |y1a]
-+ true values

Rate of change - x';

Time - t
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Example #2 (cont.) — Forecasting temperature [@]

20 |- o B[ X¢|yi] —
= E[Xi|y14] + o[ Xily14]
- Yt

; |
‘ 101:___.::! ...... o.,_. -«- true values
EE R —
= b 1T ¢
2 or 0 TUTTEERRLLL Sl N )
o Tl
~10} |

Time - t

-& E[X{ly1] )
R E[X Y] £ o[ X |y1a]
-+ true values

Rate of change - x';

Time - t
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Example #2 (cont.) — Forecasting temperature [@]

20 |- o B[ X¢|yi] —
= E[Xi|y14] + o[ Xily14]
>3 ¢ =Yt
7 10‘:::::::! """" ... -« true values 1
o | el -
= b 1T .
= of S, o . ]
¢ Tt .,
—10} - |
L L L L L L L 1 L

Time - t

-& E[X{ly1] )
R E[X Y] £ o[ X |y1a]
-+ true values

Rate of change - x';

Time - t
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Example #2 (cont.) — Forecasting temperature [@]

20 |- o B[ X¢|yi] —
= E[Xi|y14] + o[ Xily14]
>3 ¢ =Yt
7 10‘:::::::! """" ... -« true values 1
o | el -
= b 1T .
= of S, o . ]
¢ Tt .,
—10} - |
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Rate of change - x';

Time - t
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Example #2 (cont.) — Forecasting temperature [@]

20 - o E[X¢|yi4] —
= E[Xi|y14] + o[ Xely14]
>3 ¢ =Yt
7 10‘:::::::! """" ... -« true values 1
o | el -
= B 1T .
= of S, o . ]
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—10F T —— il
L L L L L L L L 1

Time - t

-& E[X{ly1] ]
R E[X Y] £ o[ Xi|y1a]
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Rate of change - x';

Time - t
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Example #2 (cont.) — Forecasting temperature [@]

20 - o E[X¢|yi4] —
= E[Xi|y14] + o[ Xely14]
>3 ¢ =Yt
7 10‘:::::::! """" ... -« true values 1
o | el -
= B 1T .
= of S, o . ]
¢ Tt .,
—10F T —— il
L L L L L L L L 1

Time - t

-& E[X{ly1] ]
R E[X Y] £ o[ Xi|y1a]
-+= true values

Rate of change - x';

Time - t
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Example #2 (cont.) — Forecasting temperature [@]

20 1 o B[ Xi|yi4] i
= E[Xi|y14] + o[ Xi[y14]
>3 3 —— Yt
>‘< 10‘:::::::! ------ ."u -« true values )
o | TTTmemeaall -t
= Bl TTTTeN
3 0r S, M n 4
¢ T .,
10 T e i |
| | | | | | | | | i
0 1 2 3 4 5 6 7 8 9 10
Time - t
PR -& E[X{ly1] ) i
© R E[X Y] £ o[ X |y1a]
@ -+ true values
g
o
=
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=
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Time - t
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Smoothing: f(x¢|y1.T)

Smoothing: f(x¢|y1.7)

t 0 1 t T-1 T
o Ko M1 Pt KBT-1T-1 BTT
Filter: — et s —

! L, I t|e zT—1|T—1/ZT|T

. BoT _ M7 KT HT—1T
Smooth: -~ - - - -
or Iyr Tyt Tror

w17 and 77 is treated as an observation
to Update l'l’T71|Tfl and ZT71|T71

leading to the smoothed estimate 737 and X117

Professor: J-A. Goulet

? Polytechnique Montréal
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Smoothing: f(xt|y1.T

General formulation — RTS Kalman Smoother equations

t 0 1 t T-1 T
. L T He|t KT-1T-1 BTT
Filter: v —
}:0 ):1|1 P IR ZT—1|T—1/2T|T
Kot . Hyrt Ky T KHT-1T
Smooth: -~ - - - -
Tor Xyt T Tror

RTS Kalman Smoother
f(xelyrr) = Ny, Zy7)
BT = Hyje+ e (ut+1\T - Ht+1|t)
i = B+ (Bepyr — o) I
2 ATE L

(=
&
Il

t+1|t

Professor: J-A. Goulet ? Polytechnique Montréal
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Smoothing: f(x¢|y1.T)

Example #1 (cont.) — Smoothing temperature

We want to estimate the temperature x; over a period of 5 hours
using imprecise measurements made every hour, t =0 : 5.

Our prior knowledge is that E[Xp] = 10°C and o[Xp] = 7°C.

observation error
N

yt:Xt+Vt, Vt:VNN(O,lz)
—_——

observation model

model error
Xt = X¢—1 + Wg, Wg ! W ~ N(0,052)
—— —

transition model

Professor: J-A. Goulet ? Polytechnique M
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[eJe]e] )

Smoothing: f(xt|y1.T

Example #1 (cont.) — Smoothing temperature [@ ]

20 :

18} e E[Xf‘ylzt] B
:E[Xf‘yl:t] + U[Xt|yl:t}

16| U ]
-+- true values

14 1

[CIV_ML/KF_example_LT.py]
Professor: J-A. Goulet ? Polytechnique Montréal
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Smoothing: f(x¢|y1.T)

Example #1 (cont.) — Smoothing temperature [@ ]

20 ;
| -+ E[Xilon
= E[Xt|y1:fl + O—[Xt|y1:t]
16} el ]
-« true values
14+ E[Xi|y1.1] :
‘ R = E[Xi|yrr] £ o[ Xi|yr7]
o 12¢ 1
fl_a’ 10'5:::-‘ ------------ e sttt TSRS VT L L bl woemmmne b
E e g R e PN —————
»n  8f s . —
6 - N
4 - N
2 - N
0 1 2 3 1 5

[CIV_ML/KF_example_LT.py]
? Polytechnique M
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.

f estimation
4.1 Measuring model’s performance: Log-likelihood
4.2 Newton-Raphson algorithm

Professor: J-A. Goulet ® Polytechnique Montréal
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Measurlng model’s performance Log-likelihood
Measuring a model performance
How do we measure the performance of a model?
With the marginal prior probability of each observation.
Fyelyre—1) = N(ye; Creeje—1, CZt‘t_ICT +R)
Likelihood
F(y1.7) Hf yelye1)  [note: yi Lyj, Vi #j]

Since f(yelyre—1) < 1, [T f(yelyre—1) ~0 A
Log-likelihood
-

log f(y1.7) = Y _ log f(yelyre-1) 4

t=1

Professor: J-A. Goulet ? Polytechnique Montréal
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) 00000

Measuring model’s performance: Log-likelihood

Example #1 (cont.) — Log-likelihood

We want to estimate the temperature x; over a period of 5 hours
using imprecise measurements made every hour, t =0 : 5.

Our prior knowledge is that E[Xp] = 10°C and o[Xp] = 7°C.

observation error
N

yt:Xt+Vt, Vt:VNN(O,lz)
—_——

observation model

model error
Xt = X¢—1 + Wg, Wg ! W ~ N(0,052)
—— —

transition model

Professor: J-A. Goulet ? Polytechnique Montréal
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t=1]y=36
E[X; 1] = E[Xi-1ly14-1] = 10
Var(X;qj-1] = 49

Prediction step:
v = +w, w: W~ N(0,08)
y=a+v, v:V~N(00})

EXyji-1] = B[X-11] = 10
E[Yr\m] = E[Xr\m] =10
Var[Xy—1] = Var[X,_yj—1] + o3,
Var(Yi—1] = Var[Xye] + of-
Cov[Xy1, Y] = Var[Xy, ] = 49.3
pxy = oolucidict] g g9

oXyloVaD

49.3

A. Goulet
State-Space Models

Profess

State - x¢

20

18

16

t| T

6 estimation

000e0

- E[Xi|y14)
‘:'yE[XyL?/l 1] £ o[ Xi|y1]
- |~
- true values

[ .

0 1 2 3 5

Time - t

Limitations ~ Summar

20

Yt

Log—likelihood:
Fyilyi-1) = 0.04

log f(yr\yf 1

log f(y1.r)

E ulog Fyilye-1) = —3.29

[CIV_.ML/KF _example_LL
Polytechnique Montréal

Analysis of time series (Theory) | V2.4 | Probabilistic Machine Learning for Civil Engineers
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Measuring model’s performance: Log-likelihood

Example #1 (cont.) — Log-likelihood [4|

20 0.4
t=2]y =38 < EXilyn
B[X;1p-1] = B[Xe-1|yre-1] = 3.7 18 :.E[x, il £ olXilyd || o5
Var(X;-1i] =1 H
- frue values
16 =02
Prediction step: 14 g o1
T =a+w, w: W ~N©0,0%) .
yp=ax+v, v:V~N0,0%) 19 o
B3 0 3.8 20
E[Xyjp-] = B[Xi-y1] = 3.7 < 104 i
E[Xy—1] =37 2
Var[X;_y1] + oy = 1.2 Togl o
Var[Y1) = Var[Xy, 1] + o = 2.2 Log-likelihood:
00'”[Xr\i Yyja] = Var(Xy, ] = 1.2 6 g F(yilyi-1) =027 .
Pxy = Xy il _ 0.74 log f(y:|yi-1) :;1-32
R = ; og f(yir) = £y log f(valyir) = ~4.61
2
OO 1 2 3 4 5

Time - t

[CIV_ML/KF _example_LL.m]
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Measuring model’s performance: Log-likelihood

Example #1 (cont.) — Log-likelihood [4|

20 0.4
t=3|y=25 o E[X [y
ElXi 1] = E[Xi-1|yr4-1] = 3.8 18 \:lE[X, yel £ o[ Xilyl || o3
Var[X;_1ji—1) = 0.6 At

- frue values

16 =02
Prediction step: 14 B 01
T =a+w, w: W ~N©0,0%) :
yp=ax+v, v:V~N0,0%) 12

B3 UU 2.5 20
E[Xyji1] = E[Xi-1p-1] = 3.8 <10 e
E[Xr\t—l] =38 E
Var(Xi ) o =08 7 o[
Var[Yy1) = Var[Xy 1] + of = 1.8 . Log-likelihood:
Cov[Xyjp—1, Yy = Var[Xy—1] = 0.8 6 3 flyilye-1) =0.19
Py = Tt 2 0.67 log f(ylyi-1) = 163
log f(yir) = Xz log f(yilye-1) = =6.27
OO 1 2 3 4 5

Time - t

[CIV_ML/KF _example_LL.m]
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Measuring model’s performance: Log-likelihood

0 esti

imation

(e]e] J

Example #1 (cont.) — Log

t=4|y =32
E[X;1p-1] = E[Xe-1|yre-1] = 32
Var[X;_ 1) = 0.4

Prediction step:
T =a+w, w: W ~N©0,0%)
yp=ax+v, v:V~N0,0%)

E[Xl\/—ll = E[erl\lfl] =32
E[Xr\t—l] =32

Var[Yy, 1] = Var[Xy 1] + ot
Cmr[Xt‘, Yii ]*]VET[XW =07

X 1
pxy = n[xm Ty — 004

Professo
State-Space Models

Var[X;_y1] + oy = 0.7
N

State - x¢

20

Analysis of time series (Theory) | V2

-likelihood

[4]

-o B[ Xi|y1]
l:'E[)Q Y1) £ o[ Xily1d]

- frue values

0.4
Il 03
202
3
0.1
UU 3.2 20
Yt
Log-likelihood:
Fyelyi-1) =031
log f( Yt\Yr 1)=-118
log f(yr.r) = 51— log f(yily: 1) = =745

Time - t

| Probabilistic Mach

[CIV_ML/KF _example_LL.m]
Polytechnique Montréal
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Measuring model’s performance: Log-likelihood

Example #1 (cont.) — Log-likelihood [4|

20 04
t=5|y =48 -o B[ Xy|y14]
E[X;_1ji-1] = E[Xi-alyri1] = 3.2 18 ‘:'E[Xr yel £ o[ Xilyl || o3
Var[X;_ 1) = 0.4 i

- frue values

16 3 02
Prediction step: 14 3 0.1
T =a+w, w: W ~N©0,0%) !
yp=ax+v, v:V~N0,0%) 12 0

B3 0 4.8 20
E[Xyi1] = E[Xi-11] =32 < 104 g
E[Xy] =32 =
Var[Xi 1] + oy = 0.7 T sl
Var[Yy1) = Var[Xy 1] + o = 1.7 Log-likelihood:
Coru[Xt‘, XY,‘, ] *]VET[XW =07 6 5 fyiyi-1) =015
pxy = n[)&m Ty — 00 1og f{yilyi-1) = =192
log f(y17) = Xoiy log S (yelye-1) = ~0.37
.
2
OO 1 2 3 4 5

Time - t

[CIV_ML/KF _example_LL.m]
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)0 0000® )00 00

Newton-Raphson algorithm

Learning model parameters 6
How do we learn the parameters 6 = [0y, 0y, ...]T of a model?

When a large amount of data is available
— Maximum Likelihood Estimate (MLE)

log f(y1.7) Olog f(yvr) _
log-likelihood 86

——~— |
0* = arg max logf(y1.1) |
0 I
= arg max log f(y1.7|0) :

] : Y

o 0

d
90 log p(y1.7|6) = 0 — Newton-Raphson
J
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SKF

5.1 Introduction

5.2 Switching Kalman Filter
5.3 SKF example
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Introduction

Non-stationary time series

The Kalman filter and smoother are applicable when the
time-serie analyzed is stationary or trend-stationary

Tt
A °

t t
Switching Kalman Filter: Estimate at each time step t, what is
the probability of each model structure.

Professor: J-A. Goulet ® Polytechnique Montréal
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Switching Kalman Filter
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Introduction

Switching Kalman Filter

SEYi |y £ opYily] — EYi|yidy=ye £ ov

—_
)

—
—

Temperature [C] -y,

Yt

10 1A USRIVl | ) e 1

i | A WL
kit i
17-01 17-04 1707 17-10

Time [YY-MM]
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Introduction
Switching Kalman Filter
=gy £ Ogjp— Pt Tt
12}
1}
3,
10 pyrm————————————————
9,
17-01 17-04 17-07 17-10 17-12
Time [YY-MM]| -10°
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Introduction
Switching Kalman Filter
1
0.8 — Regime 1 - constannt
. = Regime 2 - trend
& 0.6}
=
A 04
0.2+
107—01 17-04 17-07 17-10 17-12

Time [YY-MM]
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Switching Kalman Filter

Switching Kalman Filter — Algorithm
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Switching Kalman Filter — Algorithm
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Switching Kalman Filter — Algorithm
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Switching Kalman Filter — Algorithm
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Switching Kalman Filter — Algorithm
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Switching Kalman Filter — Merge step [@]

‘:'Nl(]., 12)‘:'./\/2(3, 12) ‘:'N12<1.2, 1].72)

m =0.9 . o =0.1

=

3

Q

QL

—2 0 2 4 6
xX
. = 7 +
The merge step consists 'uf 1“; 2/12 R
in mixing several Gaussian of, = moy+m0; + mma(p1 — p2)
random Varlables [Murphy (2012), §11.2.1 | CIV_ML/Gaussian_-mixture_demo.py]

? Polytechnique Montréal

Professor: J-A. Goulet
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Switching Kalman Filter — Merge step [@]
=N(2,12) =N, (5, 12) = N5 (4.1, 1.7%)

m =0.3 . Ly =0.7

5 . 12
x
. 12 = T1H1 + T2
The merge step consists ,u2 Mz ,u2 )
in mixing several Gaussian ofp = moy+mos + mma(u1 — p2)
random variables

[Murphy (2012), §11.2.1 | CIV_ML/Gaussian_mixture_demo.py]
Professor: J-A. Goulet ? Polytechnique Montréal

State-Space Models - Analysis of time series (Theory) | V2.4 | Proba c Machine Learning for Civil Engineers 5



Switching Kalman Filter

Switching Kalman Filter — Merge step [@]

SN (2,0.52)=N5(8,0.52) = N2 (2.6, 1.872)

m =0.9. Loy =0.1
=
3
Q
A
—2 1.5 5 8.5 12
T
= 7 +
The merge step consists ,u;z IM; 2'u§ )
0y = mof +m0os + mma(pu1 — o)

in mixing several Gaussian

random Varlables [Murphy (2012), §11.2.1 | CIV_ML/Gaussian_-mixture_demo.py]
Professor: J-A. Goulet ® Polytechnique Montré
5
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Switching Kalman Filter — Merge step [@]

‘:'Nl(Q, 12) ‘:'NQ(2, 12) ‘:'N12<2, 12>

m =0.3 imy =0.7
=
&y i
5 !
& :
) 0 2 4 6
X
pi2 = mip1 + mop

The merge step consists )
o : _ 2 2 2
in mixing several Gaussian of, = moy +mo; + mma(p1 — p2)

random Varlables [Murphy (2012), §11.2.1 | CIV_ML/Gaussian_-mixture_demo.py]
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Example #4 — non-stationary temperature data
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SKF example

Example #4 — non-stationary data

. . _[10] & _ 12 0
; V~N(0,0.5%) Ko = o ["%%= | 0 012
ye= C xt+"wv

Vv
observation model

7 _ 0.99999 0.00001
~ | 0.00001 0.99999

Model 1: Constant Model 2: Non-constant
W~N(0,Q) W~N(0,Q)
= ~ =
Xt { 1 0 } W Xt { 1 At } Wi
%t 0 0 Ve %t 0 1 Ve
~~_ ~~_
x¢ = A X1+ "wy x¢ = A xi1+"wy
transition model transition model
0 O
Q11 = Q2 = Q2 =07, Q12=[0 2 ]
Sw
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Example #4 — non-stationary data
SEYilyrd] £ o Vilysd) — EVi o= £ ov— v

;M‘M v‘vlvm‘" il W‘M i W Yvw

1701 701 T 710 T2
Time [YY-MM] it

Sty oy — ppe 1

17:01 70 707 710 1712
Time [YY-MM| 10°

1701 701 07 710 T2
Time [YY-MM] 100
1
08 —Regime 1 - constannt
06 = Regime 2 - trend
L:. 0.4
0.2

1701 704 707 710 712
Time [YY-MM]
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Summar

Limitations
MLE Parameter calibration:
» Sensitive to Oy (Several local maxima)

» Does not account for uncertainty in parameter estimates
— you need a lot of data

Numerical errors issues:

» The covariance is rapidly reduced in the measurement step
(e.g. accurate measurements are used / after a period with
missing data

» There is a large difference between the variance of several
state variables contributing to the same observation.

» Alternative approaches:

» UD Filter
» Square-Root Filter

Professor: J-A. Goulet ? Polytechnique Montréal

State-Space Models - Analysis of time series (Theory) | V2.4 | Proba c Machine Learning for Engineers

60



Limitations  Summar
0 oe

Limitations

Linear models:

» The Kalman Filter and Smoother is only applicable for linear
models

» Alternative approaches:

» Particle Filter
» Unscented Kalman Filter
» Extended Kalman Filter

Non-constant time-steps:

» If times steps are not constant across the dataset, parameter
values must be time-step-size dependent.

{Atv Cta Qt7 Rt}

Professor: J-A. Goulet ? Polytechnique Montréal
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Summary

Transition model
Xt = Axg_1 + wp
W~N(0,Q)
Observation model

yt = Cxt + vt
~
V~N(0,R)

A: Model transition matrix
C: Model observation matrix

Q: Model errors covariance matrix

vvyyvyy

R: Measurement errors covariance
matrix

Filtering/Smoothing/Forecasting

Professo

Summary
°

(Nt\u zt\n L) = F“ter(l‘t—l\t—lv zt_l\t—lv yt: A, C,Q,R)

Prediction step
Hi|t—1 = Aﬂt—1|t—1
Zie-1 = AZ g 1AT +Q

Measurement step

f(xelye) = N(xeipe)er Sepe)
Bee = -1 T Kere Posterior expected value
21~|»: = (- KtC)Zt‘t,I Posterior covariance

Optimal parameter 6 must be identified using a maximization
algorithm (e.g. Newton-Raphson)

T
0" = arg max Z InL¢
o =

Marginal prior probability of each observation
Le = f(yelyr.e—1) = N(ye: Ciagje—1, CEe—1CT +R)

Polytechnique Montréal
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