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What is classification?

What is classification?
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Data
D = {(xi , yi ),∀i = 1 : D}

xi ∈ R :


Covariate
attribute
regressor

yi ∈ {−1, 1} : Observation

Classification methods: mathematical models for Pr(Y |x)
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What is classification?

2 Types of classification methods

There are two types of classification methods:

1. Generative

p(y |x) =
p(x |y)p(y)

p(x)

2. Discriminative
p(y |x) = g(x)
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What is classification?

Module #6 Outline

Introduction
Generative
classifier

Logistic Regression

GPC

Neural Networks

Summary

Topics organization

Background

{
1 Revision probability & linear algebra

2 Probability distributions −4 −2 0 2 40

0.2

0.4 µ µ+σµ−σ

x
−4 −2 0 2 40

0.5

1
µ µ+σµ−σ

x

F X(x
)

f X(x
)

Machine
Learning

Basics


0 Introduction

3 Bayesian Estimation p(A|B) =
p(B|A)p(A)

p(B)

4 MCMC sampling & Newton −5 0 5
−5

0

5

θ1

θ 2

−5
0

5

−5
0

5
0.00

0.05

0.10

θ1θ2

s = 1000

Supervised
learning


5 Regression [ ] cl+

Pa
to

ge
ns

 [p
pm

]

6 Classification
0 0.2 0.4 0.6 0.8 10

10

x

f X|
D

(x
|d

)

 

 

d=0 d=1 d=2 d=3 d=4 d=5

0 0.2 0.4 0.6 0.8 10

0.5

1

P(
D

 S
)

 

 

S={4,5} S={2,3} S={0,1}

7 LSTM networks for time series σ σ tanh σ

× +

× ×

tanh

ct-1

Cell states

ht-1

Hidden states

xtInput

ct

Cell states

ht

Hidden states

htHidden states

ft it

c̃t

ot

Unsupervised
learning

{
7 State-space model for time-series

Decision
Making & RL

{
8 Decision Theory

9 AI & Sequential decision problems

Professor: J-A. Goulet Polytechnique Montréal
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Section Outline

Generative classifier
2.1 Introduction
2.2 Formulation
2.3 Multiple classes
2.4 Example
2.5 Classic generative methods
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Introduction

Classification and Bayes rule
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Data
D = {(xi , yi ),∀i = 1 : D}

xi ∈ R :


Covariate
attribute
regressor

yi ∈ {−1, 1} : Observation

f (y , x) = p(y |x)f (x) = f (x |y)p(y)→ p(y |x) =
f (x |y) · p(y)

f (x)

Pr(Y = i |x) =
f (x |y = i) · p(y = i)

f (x)
∑

j f (x |y = j) · p(y = j)
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Formulation

Formulation - Binary classification y ∈ {−1, 1}

posterior︷ ︸︸ ︷
p(y |x) =

likelihood︷ ︸︸ ︷
f (x |y) ·

prior︷︸︸︷
p(y)

f (x)︸︷︷︸
norm. cte.

Posterior probability of a class

p(y |x) =

{
Pr(Y = −1|x)
Pr(Y = +1|x) = 1− Pr(Y = −1|x)

Prior probability of a class

p(y) =

{
Pr(Y = −1)
Pr(Y = +1)

Likelihood of xi given a class

f (x |y) =

{
f (x |y = −1)
f (x |y = +1)

Normalization constant

f (x) =
∑

y∈{−1,1}
f (x |y) · p(y) = cte.
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Formulation

Learning parameters - Binary classification

posterior︷ ︸︸ ︷
p(y |x) =

likelihood︷ ︸︸ ︷
f (x |y) ·

prior︷︸︸︷
p(y)

f (x)︸︷︷︸
norm. cte.

We need to lean the PDF/PMF parameters from D
MLE/Bayes
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Formulation

Formulation - Special case f (x |y) = N (x ;µ, σ2)

If we assume that f (x |y = j) = N (x ;µ∗x |yj , σ
2∗
x |yj ), and that the

number of available data D is large

MLE approximation of µx |yj & σ2
x |yj

µ∗x |yj = 1
#{i :yi=j}

∑
i xi , ∀{i : yi = j}

σ2∗
x |yi = 1

#{i :yi=j}
∑

i (xi − µ∗x |yj )
2, ∀{i : yi = j}

MLE approximation of p(y)

p∗(y) =
{

Pr∗(y = j) = #{i :yi=j}
D
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Formulation

Example – Binary classification [ ]
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Classification methods | V2.3 | Probabilistic Machine Learning for Civil Engineers 10 / 60

[CIV ML/Classification example 1.m]



Introduction Generative classifier Logistic Regression GPC Neural Networks Summary

Formulation

Multiattribute classification

What if there is more than one attribute x = [x1, x2, · · · , xX]?

Employ joint PDFs: f (x|y = j)

f (x|y = j) = N (x;µx|yj ,Σx|yj︸ ︷︷ ︸
MLE/Bayes

)
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Formulation

Example – Multiattribute classification [ ]
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Multiple classes

Formulation - Multi-classes classification

y ∈ {1, 2, · · · , Y}

posterior︷ ︸︸ ︷
p(y |x) =

likelihood︷ ︸︸ ︷
f (x |y) ·

prior︷︸︸︷
p(y)

f (x)︸︷︷︸
norm. cte.

Posterior probability of a class

p(y |x) =
{

Pr(Y = j |x)

Prior probability of a class

p(y) =
{

Pr(Y = j)

Likelihood of xi given a class

f (x |y) =
{

f (x |y = j)

Normalization constant

f (x) =
∑
j

f (x |y = j) · p(y = j)
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Example

Context

Societal challenge
Right after an earthquake

– which building is safe?
– which one should be evacuated?

Solution
Monitor structures

Scientific challenges
Real-time data-driven learning
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Example

Frequency ratio: x = fq.post-earthquake/fq.pre-earthquake

Dunand et al., 2004 (Algeria)
Omori, 1922 (Japan)
Régnier et al., 2013 (Martinique)
Vidal et al., 2013 (Spain)
Mucciarelli et al., 2004 (Italy)
Clinton et al., 2006 (USA)

0 1 2 3 4 50.2

0.4

0.6

0.8

1

Damage Index [d]

 

 

Upper boundRESTRICTED
ACCESSSAFE UNSAFE
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Example

Frequency ratio: x = fq.post-earthquake/fq.pre-earthquake

Dunand et al., 2004 (Algeria)
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Example

Frequency ratio: x = fq.post-earthquake/fq.pre-earthquake

Dunand et al., 2004 (Algérie)
Omori, 1922 (Japon)
Régnier et al., 2013 (Martinique)
Vidal et al., 2013 (Espagne)
Mucciarelli et al., 2004 (Italy)
Clinton et al., 2006 (É.-U.)
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Borne supérieure

San Francisco vs.
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...
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Example

Frequency ratio: x = fq.post-earthquake/fq.pre-earthquake

We need to learn
as inspections are realized

after an earthquake
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Example

Step 1 - Probabilistic learning
Given: D = { xi︸︷︷︸

∈(0,1)

, di︸︷︷︸
∈{0:5}

}, ∀i = 1 : D

Goal: Learn what is the conditional PDF (predictive) of X given D

f (x ;θ(d)) = B(x ;µ(d), σ(d)︸ ︷︷ ︸
θ

)

posterior︷ ︸︸ ︷
f (θ(d)|D) =

likelihood︷ ︸︸ ︷
f (D|θ(d)) ·

prior︷ ︸︸ ︷
f (θ(d))

f (D)︸ ︷︷ ︸
cte.

f (x |d ,D) =

∫
f (x ;θ(d)) · f (θ(d)|D)dθ

Professor: J-A. Goulet Polytechnique Montréal
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Example

Step 1 - Probabilistic learning (likelihood & prior)

posterior︷ ︸︸ ︷
f (µ(d), σ(d)|D) ∝

likelihood︷ ︸︸ ︷
f (D|µ(d), σ(d)) ·

prior︷ ︸︸ ︷
f (µ(d), σ(d))

f (D|θ) =
∏

{i :di=d}

L(xi |µ(d), σ(d))

L(xi |µ(d), σ(d)) =

{
f (xi |µ(d), σ(d)), if xi direct obs.

F (xi |µ(d), σ(d)), if xi censored obs.

We assume no prior information except for the constraint that

µ(0) > µ(1) > · · · > µ(5)

Professor: J-A. Goulet Polytechnique Montréal
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Example

Application - f (µ(d), σ(d)|D) & f (x |d)
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Example

Application - f (µ(d), σ(d)|D) & f (x |d)

f (x |d ,D) =

∫ ∫
B(x ;µ(d), σ(d))f (µ(d), σ(d)|D)dµ(d)dσ(d)

0 0.25 0.5 0.75 1
x

f
(x
|d
,D

)

d=0 d=1 d=2 d=3 d=4 d=5

f (x |θ(d)) = B(x ;µ(d), σ(d))
We have f (x |d ,D), we want p(d |x ,D)
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Example

Step 2- Probabilistic prognosis

p(d |x ,D) =

∫
f (x ;θ(d)) · p(d)∑5

d ′=0 f (x ;θ(d ′)) · p(d ′)
· f (θ(d)|D)dθ

0 0.25 0.5 0.75 10

1

x

p(
d
|x
,D

)

d=0 d=1 d=2 d=3 d=4 d=5
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Example

Post-earthquake damage simulation for San Francisco

389 buildings ≥ 10 story
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Example
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Classification methods | V2.3 | Probabilistic Machine Learning for Civil Engineers 21 / 60



Introduction Generative classifier Logistic Regression GPC Neural Networks Summary

Example
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Example
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Example
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Example
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Example
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Example
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Example
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Example
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Example
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Example
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Example
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Classic generative methods

Classic generative methods

(a) Naive Bayes (b) LDA (c) QDA

Method f (x|y = j)

Naive Bayes Xi ⊥⊥ Xk |y , ∀i 6= k
e.g. B(x1;α, β) · N (x2, µ, σ)

LDA N (x;µx,j ,Σx)

QDA N (x;µx,j ,Σx,j)
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Summary

Summary - Generative classifier

MLE/MAP point estimation

posterior︷ ︸︸ ︷
p(y |x ,θ∗) =

likelihood︷ ︸︸ ︷
f (x |y ,θ∗) ·

prior︷ ︸︸ ︷
p(y ;θ∗)

f (x ;θ∗)︸ ︷︷ ︸
norm. cte.

Bayesian estimation

posterior predictive︷ ︸︸ ︷
p(y |x ,D) =

∫ likelihood︷ ︸︸ ︷
f (x |y ,θ) ·

prior︷ ︸︸ ︷
p(y ;θ)

f (x ;θ)︸ ︷︷ ︸
norm. cte.

·
posterior︷ ︸︸ ︷
f (θ|D) dθ
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Summary

Summary - Strength & Limitations

posterior︷ ︸︸ ︷
p(y |x) =

likelihood︷ ︸︸ ︷
f (x |y) ·

prior︷︸︸︷
p(y)

f (x)︸︷︷︸
norm. cte.

Strength
I Compatible with any type of observation

(error type/observation type)
I Small dataset → Bayesian inference
I Can handle unbalanced observation classes

Limitations
I Complex to set-up tailored model structures
I Simple structures (e.g. Naive Bayes, LDA & QDA) are

outperformed by other discriminative methods
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Section Outline

Logistic Regression
3.1 Revision – Linear Regression
3.2 Linear → Logistic Regression
3.3 Exemple
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Classification methods | V2.3 | Probabilistic Machine Learning for Civil Engineers 25 / 60



Introduction Generative classifier Logistic Regression GPC Neural Networks Summary

Revision – Linear Regression

Revision – Linear Regression [
Intro. Linear Regression Gaussian Process Regression Examples Adv. topics Neural Networks S.

Regression methods
(CIV6540 - Probabilistic Machine Learning for Civil Engineers)

Professor: James-A. Goulet

Département des génies civil, géologique et des mines

Polytechnique Montréal

Chapter 8 – Goulet (2020)
Probabilistic Machine Learning for Civil Engineers
MIT Press

Professor: J-A. Goulet Polytechnique Montréal

Regression methods | V2.3 | Probabilistic Machine Learning for Civil Engineers 1 / 96 ]
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xi

y i

Reality

Data
D = {(xi , yi ),∀i = 1 : D}

xi ∈ R :


Covariate
attribute
regressor

yi ∈ R : Observation

Model
g(x) ≡ fct(x)

Hypothesis: g(x) ≡ reality, i.e. no variability

y = g(x) + v , v : V ∼ N (v ; 0, σ2
V )
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Revision – Linear Regression

Introduction to Logistic regression

PGA

Pr
(d

am
ag

e)

0

1

O
bs

. c
las

s

+1

 -1

Data
D = {(xi , yi ),∀i = 1 : D}

xi ∈ R :


Covariate
attribute
regressor

yi ∈ {−1, 1} : Observation

Pr(Y = 1|x) = σ(

z︷ ︸︸ ︷
b0 + b1x)

=
1

1 + exp(−z)
=

−6 −4 −2 0 2 4 60

1

z

σ
(z
)
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Linear→ Logistic Regression

From linear to logistic regression

x ∈ RX︸ ︷︷ ︸
covariates

→ g(x) = Xb ∈ R︸ ︷︷ ︸
hidden/latent variable

→ σ(g(x)) ∈ (0, 1)︸ ︷︷ ︸
Pr(Y=y |x)

σ(z) =
1

1 + exp(−z)

−6 −4 −2 0 2 4 60

1

z

σ
(z
)
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Linear→ Logistic Regression

Example - Linear regression & sigmoid [ ]
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Linear→ Logistic Regression

Likelihood
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Marginal likelihoods
For xi : yi = +1→ X(+1)

Pr(Y = +1|xi ) = σ(X(+1)b) ≡ σ(xi )

For xi : yi = −1→ X(−1)

Pr(Y = −1|xi ) = 1− σ(X(−1)b)

Joint Log-likelihood

ln p(D|b) =
∑

ln(σ(X(+1)b)) +
∑

ln(1− σ(X(−1)b))

Maximum Likelihood Estimation

b∗ = arg max
b

ln p(D|b)
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Exemple

Example - Logistic regression [ ]
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Limitations & summary

Limitations

I ! The performance depends on the capacity to hand-pick
the correct transformation functions
(Difficult when X > 1 → Cross-validation)

I ! No analytic formulation to estimate parameters

I ! Only compatible with error-free direct observations

I ! Not as powerful as modern methods

Why is it used then?

I Simple

I Interpretability of model parameters b
(Discrete choice models → transportation & economics)
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Section Outline

GPC
4.1 GPR v.s. GPC
4.2 Updating a GP using exact observations
4.3 GPC formulation
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GPR v.s. GPC

Gaussian Process Regression summary
Given a system response so that

gi︸︷︷︸
observation

=

reality︷ ︸︸ ︷
g(xi ) ∈ R, xi = [x1, x2, · · · , xX]ᵀi︸ ︷︷ ︸

covariates

∈ RX

Data: D = {(xi , gi ),∀i = 1 : D}
g = [g1, g2, · · · , gD]ᵀ1×D ∈ RD, x = [x1, x2, · · · , xX]D×X

Gaussian process: g(x) : G ∼ N (g(x); mG,ΣG)
Set of discrete Gaussian random variables for which the pairwise
correlation between Gi and Gj is a function of the distance
between attributes

[ΣG]ij = ρ(xi , xj)σGi
, σGj

, ρ(xi , xj) = fct(|xi − xj |)
Professor: J-A. Goulet Polytechnique Montréal
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GPR v.s. GPC

Correlation function
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Updating a GP using exact observations

Updating a GP using exact observations
Given D = {(xi , gi ), i = 1, · · · D} a set of D observations and x∗ a
set of X∗ covariates for which we want to predict

f (g∗|x∗,D)

Reminder: Gaussian conditionals are also gaussian{
G
G∗

}
, m =

{
mG

mG∗

}
, Σ =

[
ΣG ΣG∗
Σᵀ

G∗ Σ∗

]
︸ ︷︷ ︸

Prior knowledge

[ΣG]ij = ρ(xi , xj)σ
2
G

[ΣG∗ ]ij = ρ(xi , x∗j)σ
2
G

[Σ∗]ij = ρ(x∗i , x∗j)σ
2
G

f (g∗|x∗,D) = N (g∗; m∗|D,Σ∗|D)

m∗|D = mG∗ + Σᵀ
G∗Σ

−1
G (g −mG)

Σ∗|D = Σ∗ −Σᵀ
G∗Σ

−1
G ΣG∗︸ ︷︷ ︸

Posterior knowledge
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Updating a GP using exact observations

Example - GPR v.s. GPC [ ]

0 20 40 60 80 100
−5

−2.5

0

2.5

5

x

g(
x)
MG ± 2σf MG gi Φ(g(x)) Pr(Y = 1)
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Updating a GP using exact observations

Example - GPR v.s. GPC [ ]

0
0 5

20 2.540

0.5

x g(x)

060 -2.580

1

100 -5

MG ' 2<f MG gi )(g(x)) Pr(Y = 1)
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Updating a GP using exact observations

Example - GPR v.s. GPC [ ]

0
50

20 2.540

0.5

x g(x)

060 -2.580

1

100 -5

MG ' 2<f MG )(g(x)) yi Pr(Y = 1jx) MGjD Φ(·) , Normal CDF

Pr(Y = 1|x∗,D) =

∫
Φ(g∗)f (g∗|x∗,D)dg∗

= Φ

(
mG∗|g√

1+var[G∗|g]

)

In a classification setup, g is not observed
Only yi ∈ {−1, 1} is observed.

For each yi ∈ {−1, 1} we need to infer gi
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Updating a GP using exact observations

Example - GPR v.s. GPC [ ]

0
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20 2.540

0.5

x g(x)

060 -2.580

1

100 -5

MG ' 2<f MG )(g(x)) yi Pr(Y = 1jx) MGjD
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Updating a GP using exact observations

Example - GPC / GPML [ ]

0
25

50
75

100−3
0

3
0

0.5

1

x g(x)

Pr(Y = 1|x)
yi
Pr(Y = 1|x,D)
Φ(g(x))
mG∗|G ± σg
mG∗|G
mG|D ± σG|D
mG|D
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GPC formulation

Gaussian Process Classification Formulation

Pr(Y = 1|x∗,D) =

∫
Φ(g∗) · f (g∗|g, x∗,D)dg∗

0
25

50
75

100−3
0

3
0

0.5

1

x g(x)

Pr(Y = 1|x)
yi
Pr(Y = 1|x,D)
Φ(g(x))
mG∗|G ± σg
mG∗|G
mG|D ± σG|D
mG|D= Φ

(
E[G∗|x∗,g,D]√

1+var[G∗|x∗,g,D]

)
f (g∗|g) ≡ N (g∗;µ∗|g,D,Σ∗|g,D) (GPR)

µ∗|g,D = Σᵀ
G∗Σ

−1
G (µG|D − µG − 0) (conditional mean)

Σ∗|g,D = Σ∗ −Σᵀ
G∗Σ

−1
G|DΣG∗ (conditional COV)

f (g|D) =
p(Dy |g)·f (g|Dx )

p(Dy |Dx ) (posterior

∝ p(Dy |g) · f (g|Dx) hidden covariates)

≈ N (g;µG|D,ΣG|D) (Laplace approx.)
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GPC formulation

GPC - Hidden covariate estimation, g|D

0
25

50
75

100−3
0

3
0

0.5

1

x g(x)

Pr(Y = 1|x)
yi
Pr(Y = 1|x,D)
Φ(g(x))
mG∗|G ± σg
mG∗|G
mG|D ± σG|D
mG|D

f (g|D) =
p(Dy |g) · f (g|Dx )

p(Dy |Dx )

∝ f (Dy |g) · f (g|Dx )

≈ N (g;µG|D,ΣG|D)

p(y = +1|g) = Φ(g)
p(y = −1|g) = 1− Φ(g)

= Φ(−g)︸ ︷︷ ︸
p(y|g)=Φ(y·g)

p(Dy |g) =
∏D

i=1 p(yi |gi )

=
∏D

i=1 Φ(yi · gi )

Laplace approximation

µG|D = arg max
g

ln f (g|D)

= ΣG∇ ln f (Dy |g = µG|D)

recursive estimation
start: µG|D = 0

ΣG|D = (Σ−1
G −H[ln f (Dy |g = µG|D)])−1
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GPC formulation

Example - GPC / GPML [ ]

0
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100−3
0

3
0

0.5

1

x g(x)

Pr(Y = 1|x)
yi
Pr(Y = 1|x,D)
Φ(g(x))
mG∗|G ± 2σg
mG∗|G
mG|D ± 2σG|D
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GPC formulation

Example - GPC / GPML [ ]
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1
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GPC formulation

Example - GPC / GPML [ ]
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0
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1

x g(x)
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Summary

Summary - Gaussian Process Classification

Strength

I Simple to set-up for any number of covariates x

I Allows interpolating and extrapolating (uncertainty estimates)

Limitations

I Only compatible with error-free direct observations

I When applicable, choose regression over classification, e.g.
Soil contamination example

I The performance is limited for large datasets D > 105
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Section Outline

Neural Networks
5.1 Structure - From Logistic regression to NN
5.2 Structure - Bivariate classification
5.3 Structure - Multivariate classification
5.4 Deep Learning – CNN
5.5 Examples
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Classification methods | V2.3 | Probabilistic Machine Learning for Civil Engineers 45 / 60



Introduction Generative classifier Logistic Regression GPC Neural Networks Summary

Structure - From Logistic regression to NN

Introduction to the neural network structure
Data D = {(xi , yi ),∀i = 1 : D}

xi ∈ R :


Covariate
attribute
regressor

yi ∈ {−1, 1} : Observation

Pr(Y = 1|x) = σ(

z︷ ︸︸ ︷
w0 + w1x1 + w2x2 + w3x3)

=
1

1 + exp(−z)
=

−6 −4 −2 0 2 4 60

1

z

σ
(z
)

x1

x2

x3

w0

y

w1

w2

w3
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Structure - Bivariate classification

Neural network structure for binary classification

x1

x2

x3

w0

y

w1

w2

w3
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Structure - Bivariate classification

Neural network structure for binary classification

x1

x2

x3

y
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Structure - Bivariate classification

Neural network structure for binary classification

x1

x2

x3

y
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Structure - Bivariate classification

Neural network structure for binary classification

x1

x2

x3

... ...

y
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Structure - Multivariate classification

NN – Multivariate regression

x : Input layer / covariates

a(l) : Activation units

a
(j)
i = σ(z

(j)
i )

z(l) : Hidden units

z
(2)
i =wᵀa(1)+bi

z(O) : Output layer

y : Observations

x1

x2

...

xX

b(0)

a
(1)
1

a
(1)
2

...

a
(1)
A

b(1)

z
(2)
1

z
(2)
2

...

z
(2)
A

b(O)

z
(O)
1

z
(O)
2

...

z
(O)
Y

y1

y2

...

yY

w
(1)
1,1w
(1)
1,1

w
(1

)

1,
2

w
(1

)

2,
1

w
(1

)
1,
i

w
(1

)
i,

1
w

(1
)

1,
A

w
(1

)
A
,1

b (1)
1

a
(1)
2 z

(2)
2
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Structure - Multivariate classification

NN – Multivariate classification

x : Input layer / covariates

a(l) : Activation units

z(l) : Hidden units

z(O) : Output layer, z(O) ∈ RC

c : Classes, c ∈ {0, 1}C

x1

x2

...

xX

a
(1)
1

a
(1)
2

...

a
(1)
A

a
(2)
1

a
(2)
2

...

a
(2)
A

z
(O)
1

z
(O)
2

...

z
(O)
C

c1

c2

...

cC

a
(1)
2 a

(2)
2

Pr(ci ) = softmax(z (O), i) =
exp(z

(O)
i )∑C

j=1 exp(z
(O)
j )
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Deep Learning – CNN

Deep Learning

Deep learning refers to a
neural network which has a
deep structure

i.e., a large number of
hidden layers

x1

x2

...

xX

a
(1)
1

a
(1)
2

...

a
(1)
A

a
(2)
1

a
(2)
2

...

a
(2)
A

z
(O)
1

z
(O)
2

...

z
(O)
C

c1

c2

...

cC

a
(1)
2 a

(2)
2

hidden layers
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Deep Learning – CNN

Convolutional Neural Networks (CNNs)

→

D
epth

Width

H
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t
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2
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2
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0
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3
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3
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Pixel values
[0, 255]
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Deep Learning – CNN

Convolutional Neural Networks (CNNs)

Feature maps

...

...
dog

Conv. Pool FC SM

Activation σ
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Deep Learning – CNN

Kernel Size (K ) & Stride (S)

1

2

2

3

2

0

2

1

0

1

3

2

2

3

1

0

K
=

3

K = 3

Professor: J-A. Goulet Polytechnique Montréal
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Deep Learning – CNN

Zero-padding (P)

1
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W O =
W I − K + 2P

S
+ 1

HO =
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S
+ 1

Given K = 3, S = 1, P = 1

W O =
4− 3 + 2× 1

1
+ 1

= 4

HO = 4
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Deep Learning – CNN

Convolutional Layers – {K = 3, S = 1,P = 0}
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0
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Classification methods | V2.3 | Probabilistic Machine Learning for Civil Engineers 55 / 60



Introduction Generative classifier Logistic Regression GPC Neural Networks Summary

Deep Learning – CNN

Pooling Layers – {K = 2, S = 2}

1

2

3

4

5

6

7

8

9
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6
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Examples

MNIST

train︷ ︸︸ ︷
60 000 +

test︷ ︸︸ ︷
10 000

784︷ ︸︸ ︷
28× 28 images

Network’s Architecture
(Wan et al., 2013)

Layer D ×W × H K × K P S σ

Input 1× 28× 28 - - - -

Conv. 32× 27× 27 4× 4 1 1 ReLU

Pooling 32× 13× 13 3× 3 0 2 -

Conv. 64× 9× 9 5× 5 0 1 ReLU

Pooling 64× 4× 4 3× 3 0 2 -

FC 150× 1× 1 - - - ReLU

Output 10× 1× 1 - - - -

Error Rate [%] Hyperparameters

E = e e B

TAGI 0.56 13 1

Backprop 0.67 1000 128
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Examples

CIFAR10

train︷ ︸︸ ︷
50 000 +

test︷ ︸︸ ︷
10 000

3072︷ ︸︸ ︷
3× 32× 32 images

Network’s Architecture
(Wan et al., 2013)

Layer D ×W × H K × K P S σ

Input 3× 32× 32 - - - -

Conv. 32× 32× 32 5× 5 2 1 ReLU

Pooling 32× 16× 16 3× 3 1 2 -

Conv. 32× 16× 16 5× 5 2 1 ReLU

Pooling 32× 8× 8 3× 3 1 2 -

Conv. 64× 8× 8 5× 5 2 1 ReLU

Pooling 64× 4× 4 3× 3 1 2 -

FC 64× 1× 1 - - - ReLU

Output 10× 1× 1 - - - -

Error Rate [%] Hyperparameters

E = e e B

TAGI 23.6 50 16

Backprop 23.5 150 128
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Summary

Summary - Neural Networks

Strength

I Neural networks is the state-of-the-art method

I Unequaled regression/classification accuracy

Limitations

I In order to outperform other methods (e.g. GPR/GPC) it
requires many hidden units
→ large number of parameters to learn, > 106

I Learning a large number of parameters
requires a large amount of data
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Summary

Generative Classifier:

I Offers the most flexibility (e.g. indirect observations)

I Best suited for small datasets

Gaussian Process Classification:

I Quick & easy

I Allows interpolating and extrapolating (uncertainty estimates)

I Best suited for medium size datasets

Neural networks / Deep Learning:

I State-of-the-art method

I Best suited for large datasets
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