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Intro.
@00

What is regression?

What is regression?

Data
—_ A D={(x,y;),¥Vi=1:D
g o© o (xuyz) {( 1 _yl)v }
= Covariate
@ xi€R: attribute
% regressor
E yi € R : Observation

[]cl+

Regression methods: mathematical models for g(x)
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Intro.
@00

What is regression?

What is regression?

Data
A D = {(xi,yi),Vi=1:D}
° (xi’ yi) Covariate
xi € R: attribute
regressor

yi € R : Observation

# of accidnets

Model
hour of the day g(x) = fet(x)

Regression methods: mathematical models for g(x)
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Intro.
@00

What is regression?

What is regression?

Data
< | D = {(xj,yi),Vi =1:D}
= Covariate
g xi € R: attribute
w
P regressor
g yi € R : Observation
c
o
O

> Model
Water/cement ratio g(x) = fet(x)

Regression methods: mathematical models for g(x)

Professor: J-A. Goulet ? Polytechnique Mol
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Intro.
oeo

What is regression?

Regression in > 1D

Data
D = {(xj,yi),Vi =1:D}

1o Covariates
;t x; = [x1, %]l € R?: ¢ attributes
£ . regressors
g .

g yi € R! : Observation
S -20 ?
17; ‘ 600 Model
1
05 ) 200 o g(X) = fCt(X) S Rl
% fibers o0 o [MPa]

General case: x; = [x1, %, -, x|} € R¥, y; € R}, g(x;) € R!
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ooe O

What is regression?

Topics organization
Intro.

1 | Revision probability & linear algebra
Linear Regressnon Probability distributions 2321

Gaussian Process vsctine (0] Introducion &3

Regression Le‘;ransiir;i Bayesian Estimation p(A|B) = 2E108A)
MCMC sampling & Newton &%

Background {

Examples "
5|R jon [
Adv. topics Supervised O
) learning E Classification cas % -
Neural Networks o LSTM networks for time series
S nsu7:;:,’;,e1g { State-space model for time-series S

Decision { Decision Theory &

Making & RL E Al & Sequential decision problems @




Linear Regression

Introduction

Which one is an example of linear regression?

6 o train‘ing set ‘ ovc 6 ; 5
—g(z) ° % O training set S
—yg(x)
At
> 2
g o
2/ 0
> &® o —92
0 .
2 4 . 1 _
02 04 0608 W02 04 06 o0s 1
T
Both.
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Linear Regression
Introduction

Linear Regression

2.1 Introduction

2.2 Mathematical formulation 1D
2.3 Cross-validation

2.4 Mathematical formulation >1D
2.5 Limitation

Professor: J-A. Goulet 9 Polytechnique Mol
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Intro.  Linear Regression

Mathematical formulation 1D

Nomenclature & hypotheses

Data
- D = {(xj,yi),Vi=1:D}
61 Covariate
5 xi € R: < attribute
= ;"7 regressor
9l yi € R : Observation
1
0 Model

01 02 0.3 04 05 0.6 0.7 0.8 0.9 1
X g(x) = fet(x)

Hypothesis: g(x) =reality, i.e. no variability

independent observation errors

e e
y=8(x)+v, v:V~N(vi0,0y), Vi LV, Vi#)

Professor: J-A. Goulet ? Polytechnique Montréal
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Intro.  Linear Regression

Mathematical formulation 1D

Mathematical formulation — special case
Let us assume that our model takes the form

1

g(X) = bo + bix = [bo b1] |:Xj|

y=g(x)+v, v:V~N(v;0,0%)
For the entire dataset D = {(x;,y;),Vi =1:D} = {D,, D,}

i 1 x vi
b Y2 1 x Vo
b H y , X = S |v=
~—~ bl ~~ N~~~
0 D, Dy
Yo 1 x Vp

y=Xb+v, v:V~N(v;0,0%-1)

Professor: J-A. Goulet ? Polytechnique Montréal
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Intro.  Linear Regressmn

O@0000000¢

Joint likelihood of D = {(x;,y;),Vi =1:D} = {D,, Dy}

y = X b +v,v:V~N(v;0,0%-1)
D, Dy /]

f(Dy|Dy,0) = f(D, =y|Dix=x,0=Dhb)
D
= [INWGiig), %)
i=1

Professor: J-A. Goulet ? Polytechnique Montréal
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Intro.  Linear Regression Ga a o a 3 Adv. tc Neural N

Mathematical formulation 1D

Estimating optimal parameters 8* = b*

The goal is to estimate optimal parameters 8* = b* which
maximize the likelihood f(D,|Dy, ), or equivalently which
maximize the log-likelihood

Inf(D,|D,,0) — —ﬁ(y—Xb)T(y—Xb)
|4
x —2(y - Xb)T(y - Xb)

2
= —J(b) (Loss function)

In the context of linear regression, we minimize J(b),
which is equivalent to maximizing f(D,|Dy, 0)

Professor: J-A. Goulet ? Polytechnique Montréal

Regression methods | V2.4 | Probabilistic Machine Learning for Civil Engineers 10 /96



Intro.  Linear Regression

Mathematical formulation 1D

Estimating optimal parameters 8* = b* (cont.)

Loss function: measures the model quality

6* =b* = (XTX) !XTy

(Dx = X, D, =y)

Professor: J-A. Goulet ? Polytechnique Montréal
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Linear Regression
000080000

Mathematical formulation 1D

Example #1 [@]

O training set
o (o]
4} o 1
o o
> o © g(x) = bg + b1x
o © oo
2, ° 1 b* = [0.96,4.09]
[e]e] o
o
(o]

0 0.2 04 06 038 1

[CIV_ML/Linear_regression_1D_demo.py]|

Professor: J-A. Goulet ? Polytechnique Montréal
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Linear Regression
000080000

Mathematical formulation 1D

Example #1 [@]

O training set
—g(x)

g(x) = by + bi1x

1 b* = [0.96,4.00]

[CIV_ML/Linear_regression_1D_demo.py]|

Professor: J-A. Goulet ? Polytechnique Montréal
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Linear Regression
00000@000

Mathematical formulation 1D

What if the data is non-linear?

otraining set

6,
[e]
5 o ©
af 00 @
o ooqgo
s | o o)
=3 OodSI’O @c)g, Oooo
2 o ° e %0 &° 800 ©
1§’808%’ o O Oo(§ o o 83
S [e]
R Cc’p(;%@gb ¢9
0501 02 03 04 05 016 0.7 0.8 0.9 1

X

Professor: J-A. Goulet 9 Polytechnique Montréal
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Intro.  Linear Regression Gaussian Pro

Mathematical formulation 1D

Mathematical formulation — general case

g(x) = bo + b1¢1(x) + bopo(x) + - - - + bgps(x) = Xb

where ¢;(x) can be any linear or non-linear function,

e.g: dj(x) =x2, ¢j(x) = sin(x), -

For the entire dataset

bo %1 1 ¢1(x1) ¢2(xa) -+ ¢s(x)

by % 1 ¢1(x) ¢2(x2) -+ ¢8(x2)
b= : Y= : , X = : : : - :

bg Yo L ¢100) ¢2(x0) -+ ¢8(x0)

Linear regression: Linear with respect to ¢;(x) and b not x

Professor: J-A. Goulet ? Polytechnique Montréal
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Linear Regression

0O000000e0
Mathematical formulation 1D

Example #2a [@]

g(x) = by + byx>

O training set
—g(x) o

[CIV_ML/Linear_regression_1D.py]|
Goulet olytechnique M
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Linear Regression

0O0000000e

Mathematical formulation 1D

Example #2b [@]

g(x) = by + b1x® + by sin(10x)
6 ‘ o

O training set S
| —glz)

Professor: J-A. Goulet
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Linear Regression
€000

Cross-validation

What model structure is best?

g(x) = by + b1 x g(X) = b0+b1X—|—b2X2+b3X3+b4X4+b5X5

Jtrain(b) = 1.98 Jtrain(b) = 1.72

i training set ° O training set °
g(z) —g(2)

Linear regression is sensitive to over-fitting

Professor: J-A. Goulet ? Polytechnique Montréal
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Examples

Cross-validation — methodology
Over-fitting is prevented by employing cross-validation

Cross-validation: Do not employ the same data to train
(i.e. estimate optimal parameters) and to evaluate the loss
function.

N-fold cross-validation: Split the shuffled data into NV subsets
that are employed one at a time as an independent validation set

fold )
4 entire cji\ataset
1 ‘ (LI training subset

.
2 [T1T] - — - validation subset [T
3 N L - testing subset
test =

Professor: J-A. Goulet ? Polytechnique Montréal
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Inu Llnear Regre55|on

Cross validation

Algorithm 1: N-fold cross-validation
define x,y, gm(x)

-

2 CV.idx = randperm(D)

3 nCV = round(D/N)

4 form=12-.-- Mdo

5 fori=1,2,--- Ndo

6 val_idx = CV_idx((i — 1) x nCV + 1 : min(X,i x nCV))
7 x_train = x, x_train(val_idx,:) =[]

8 y_train =y, y_train(val_idx,:) =[]

9 x.val = x(val_idx,:)

10 y_val = y(val_idx,:)

1 Estimate b} = (X7 . Xerain) ' XT . Yirain
12 Compute J,-(b ,xval,y_val)

o L um=xtys

m*
12 Select m* : J7; = minJ77,

15 Estimate b* = (XTX)"1XTy

Professor: J-A. Goulet ? Polytechnique Montréal
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Linear Regression
0000

Cross-validation

Example #3 — Cross-validation [@]

g(x) = by + byx g(x) = bo+byx+byx® + b3x®+ byx* + bsx®
Létmin(b) = 0.43 | Jyatidation(b) = 1.56 é]tmin(b) = 0.7 | Jyatidation(b) = 5.42
O training set [ train‘ing set ‘ ‘ ‘
+ validation set ° +

+ validation set
—g(x) ° *

—y(@)

ZJtrain = 1.97 }A ZJtrain = 0.81
ZJvalidation = 202 Z-jvalidation ?I 20.89 A

V_ML/Linear_régression_1D.py]|
Professor: J-A. Goulet ® Polytechnique Montréal
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Linear Regression
0000

Cross-validation

Example #3 — Cross-validation [@ ]
g(x) = bo + bix g(x) = bo+ bix+ byx® + bax® + byx* + bsx®

{Stmm(b) = 1.53 | Jyatidation(b) = 0.46 Jtrain(0) = 011 | Jyatidation(b) = 15.47
‘ ‘ ‘ 6

O training set

S O training set
+ validation set * + validation set
—g(z) —g(x) +

> Jirain = 1.97 }A > Jerain = 081 | A
ZJvalidation = 2.02 sza/idation = 20.89

[CIV_ML/Linear_regression_1D.py]|
Professor: J-A. Goulet ? Polytechnique Montréal
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Intro.  Linear Regression ce e Example Neural Ne

N-fold cross-validation

The greater is the number of folds N, the more accurate are
results.

If N =D it is called leave-one-out cross-validation (LOOCV)

In practice LOOCV too computationally demanding when D is large
because it requires as many calibration loops

Instead in practice, it is common to employ
5 to 20-fold cross-validation

Professor: J-A. Goulet ? Polytechnique Montréal
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Linear Regression

©00
Mathematical formulation >1D

Regression in > 1D

Data
D = {(xj,yi),Vi =1:D}

10 Covariates
T x; = [x1, %]l € R?: ¢ attributes
=-14 &
£ . i regressors
E |2 )

LRdt 7 i yi € R : Observation
20§ 8
-22 : C *
15 600 Model
i 400 _ 1
05 ) 200 g(X) = fCt(X) eR
% fibers o0 o [MPa]

General case: x; = [x1, %, -, x|} € R¥, y; € R}, g(x;) € R!

Professor: J-A. Goulet ® Polytechnique Montréal
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Intro.  Linear Regression

Mathematical formulation — general case >1D

g(x) = bo + b1p1(x1) + b2ga(x2) + -~ = Xb

For the entire dataset

bo yi 1 ¢1(x11) ¢2(x12)
b b:1 - y:2 X 1 ¢1(>:<2,1) ¢2(>:<2,2)
b.B ¥ 1 ¢1(x01) ¢2(x0,2)

Professor: J-A. Goulet ? Polytechnique Montréal
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Linear Regression

ooe
Mathematical formulation >1D

Example #4 [@]

g(x) = by + blxll/2 + box2
O training set

< g(x) 0o 0 %0°

15
10

, "‘
Qo 19.050-%:

: SIS SISO IS
B RS SIS SRS SIS oSS,
OB

& ‘ *
(%

[CIV_ML/Linear_regression_2D.py]|
Goulet olytechnique Montr
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Linear Regression

Limitation

Limitations

6 5 ©
o ;nu;uug set o o training set o © training set
gl o ° —glx) o + tost se
4 glx) OD, o _;[l‘) t ‘.,
o8 4 +
23" o PR
= o = 0:
0 5 o Tl
oo 00% 3 b
T,_g—————g:‘f"/
0 . : ° 2o o
) 02 04 06 038 02 04 06 03 02 04 06 08
Heteroscedasticity QOutliers Extrapolation

Polytechnique Mo
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Linear Regression

Limitation

Limitations

» Assumes homoscedastic errors
» Sensitive to outliers

» Does not differentiate between interpolating and
extrapolating

» /\ The performance depends on the capacity to hand-pick
the correct transformation functions (Difficult when D > 1)

Professor: J-A. Goulet ® Polytechnique Montréal
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Linear Regression

Limitation

Summary

In short: Linear regression is simple and quick, yet it is
outperformed by modern techniques such as
Gaussian Process Regression

Note: Cross-validation is not limited to linear regression and can
be employed with any regression technique

Professor: J-A. Goulet ® Polytechnique Montréal

ic Machine Learning for Civil Engineers



Given that we know the pipeline
temperature to be y = 8°C at
x = 52 km.

What is the temperature at
x = 52.1 km?

What is the temperature at
x =70 km?

| |
x=0 x =100
[km]

We will take advantage of the conditional dependency between

a system response y and covariate values x
[Bloomberg]
Professor: J-A. Goulet ? Polytechnique M
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Intro. Linear Re ol Gaussian Process Regression

O 0000000000000 0O(
Introduction

Gaussian Process Regression

3.1 Introduction

3.2 Definition

3.3 Correlation functions

3.4 Updating a GP using exact observations

3.5 Updating a GP using noise-contaminated observations
3.6 Multiple covariates: x = [x1, X2, -+, xx]!
3.7 Parameter estimation

3.8 Evaluating GPR's predictive capacity
3.9 Code

Professor: J-A. Goulet ? Polytechnique Montréal
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Intro. Linear rocess Regression Example Neural Ne

Definition

Definition
Given a system response so that
reality
8 = g(xi)a Xj = [X17X27 T aXX];[
observation covariates
Data: D = {(x/, gi),Vi=1:D}
g = [g17g27 e 7gD]T7 X = [X17x27 e 7XD]X><D

Gaussian process: g(x) : G ~ N(g(x); ng, Xg)

Set of discrete Gaussian random variables for which the pairwise
correlation between G; and G; is a function of the distance
between attributes

[EG]IJ - P(Xian)O'G : UGj7 P(Xi,Xj) - fCt(‘X/. - XJ|)

Professor: J-A. Goulet ? Polytechnique Montréal
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Intro.  Line

[Bloomberg]




topics Neural Networks

g °C]

+5 l/ 20¢,
() e e e i Hes
-5
| Pl ‘ } |
x=0 11:30 :1;3:7() x = 100
x9 =31 [km)|

Prior knowledge: g, = pue = 0°C, oG, = 06 = 2.5°C

)2
Gaussian correlation function: p(x;, xj) = exp (—%%)

1
5 p(x1,x2) = 0.999
& for ¢ =25km ¢ p(x1,x3) = 0.278
QU

p(x2,x3) = 0.296

Professor: J-A. Goulet ? Polytechnique Montréal
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cs  Neural Ne

Example - T° distribution along a pipeline [@]

g[°cl
206,
gt
| P ‘ { I
z=0 1 =30 | x3 =170 x =100
x9 = 31 [km]

Pour x =[0,1,---,100]7
Prior knowledge

G~ N(g(x); ue, Z¢), [Zaly = p(xi, %)%,

gi(x): realizations of our prior knowledge G

[CIV_ML/M14_GP_pipeline.py]|
Professor: J-A. Goulet ? Polytechnique Montréal
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Example - T° distribution along a pipeline [@]

J [°C] :
+5 26,
0 - M
-5
[ I
z=0 r1 =30 x3 =70 x =100
x9 = 31 [km)]

Pour x =[0,1,---,100]7
Prior knowledge

G NN(g(X)' MG, 2G)v [ZG]’J = p(X,‘,XJ')O'%i

gi(x): realizations of our prior knowledge G

Professor: J-A. Goulet
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Updating a GP using exact observations
Given D = {(x;,8i), i =1,---D} a set of D observations and x, a
set of X, covariates for which we want to predict

f(g«[x+, D)

Reminder: Gaussian conditionals are also gaussian

G _ HG _ ZG ZG*
Lo et =l

Prior knowledge

f6. x. D (8+[%; D) = N(8+i Bujp: Zujp)

[Xglij = p(xi Xj)02G L
' D=p,p= ST ¥ _
[Ze.lj = p(xi, %j) o el Hefp = MG, + X5, Xg (8 — Ke)

[Z.]i = p(xis X)) 0% S.D=X.p=%. - X[ X:'%c

Posterior knowledge

Professor: J-A. Goulet ? Polytechnique Montréal
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IHU Lm ar

Updatlng a GP using exact observations

Example — Multivariate gaussian conditional
Soit ug =0°C, o6 =2.5°C, p(x1,x) =0.8, go =—-2°C

TV Vv .
prior knowledge observation

HG = |: 0
fe.6,(81,8) = N(ue, Zq) 252  (0.8.252 ]

6 = [ 0.8-252 252

focleng) = N(pp 01|2){ e = M +p01g2 2

fe,(82) o1z = 01/1 — p?

=-1.6°C

fG1|g2 (g1lg2) =

—2-0
[L1|2 :0+08 x 2.5

0'1‘2 = 25 V 1-— 082 = ]..SOC

Professor: J-A. Goulet ? Polytechnique Montréal
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IHU Lm

Updatlng a GP using exact observations

Example — Multivariate gaussian conditional [@]

fa(aile) = = oy = Meeode) | o0
92=-2 U2 =-1.6 012 =1.5

92 5o

[CIV_ML/M14_Gauss_conditionnelle.py]

Professor: J-A. Goulet

Regression methods | V2.4 | Probab Machine Learning for Civil Engineers



Intro. Linea

o)
T e
()]
-10 ‘ | | L | ]
0 20 40 60 80 100
X [km]
I I
z=0 x = 100
[kem]
Observations: D={([], [] )}
—~— ~~
x g

[CIV_IML/M14_GP _pipeline_obs.py]
Professor: J-A. Goulet ? Polytechnique Montréal
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Intro. Linear Gaussian Process Regression
JoloToleY YoloX

Updating a GP using exact observations

Observations: D = {(iL, \,]_/)}
x g

[CIV_IML/M14_GP _pipeline_obs.py]
Professor: J-A. Goulet ? Polytechnique Montréal

Regression methods | V2.4 | Probabilistic Machine Learning for Civil Engineers 37/96



) L
e. 0 i
o

Observations: D = {(E,l.]/, L‘Lljl)}

x g

[CIV_IML/M14_GP _pipeline_obs.py]
Professor: J-A. Goulet ? Polytechnique Montréal
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Gaussian Process Regression
oooe

Updating a GP using exact observations

Example - T° distribution along a pipeline [@]

g [°c]
o
|
|
|
|
|
|
|
I
|
|
|
|

Observations: D = {(E,l.]/, L‘Lljl)}

x g

[CIV_IML/M14_GP _pipeline_obs.py]
? Polytechnique Montréal

Professor: J-A. Goulet
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) L
e. 0
o

Observations: D = {([31,70], [4.13,3.62])}
—_— —

X g

[CIV_IML/M14_GP _pipeline_obs.py]
Professor: J-A. Goulet ? Polytechnique Montréal
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Gaussian Process Regression
oooe

Updating a GP using exact observations

Example - T° distribution along a pipeline [@]

i) % N
e. 0 i
7 ol
_10 L L L | ]
0 20 40 60 80 100
X [km]
| |
z=0 x =100

[kem]

Observations: D = {([31,70], [4.13,3.62])}
—_— —

X g

[CIV_IML/M14_GP _pipeline_obs.py]
? Polytechnique Montréal
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10(

g [°c]
o
|
|
|
|

Observations: D = {([31, 70, 30], [4.13,3.62,3.71])}

X y

[CIV_IML/M14_GP _pipeline_obs.py]
? Polytechnique Montréal
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Intro

Updating a GP using noise-contaminated observations

Noise-contaminated observations
Given a system response contaminated by measurement noise

lit
so that fi& )
Yi =gxi)+_V , V~N(v;0,0%)
\ ) Uy
observation measurement error

[(Ev]ij = p(xi,x)0% + 048, 65 =1ifi=]

Y _J my _ | Xy | Xv.
Lo} Uhe ) == [

prior knowledge

fG*lx*,D(g*|x*7 D)= N(g*; Ky D> z>s<|D)
K« D = MG, + ZL*Z;I(Y - “Y)v z>l<|D =2, - zL*z;le*

TV
posterior knowledge

Professor: J-A. Goulet ? Polytechnique Montréal
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Inu ) Lm ar ol Gau55|an Process Regre55|on E HHM Ad Neural Networ

Updatlng a GP using noise- contammated observatlons

Example - T° distribution (V # 0) [@]

10 (
.
>
_10 ‘ L L | |
20 40 60 80 100
X [km]
I I
z=0 x =100
[km]

Measurement error: oy = 0.5
Observations: D = {( [] [] )}

X y

[CIV_ML/M14_GP _pipeline_obs.py]
? Polytechnique Montréal

Professor: J-A. Goulet
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Intro. Linea

y [°c]
o
|
|
|
|
|
|
|
|
|

Measurement error: oy = 0.5
Observations: D = {([31],[3.42])}
~ —~—

x y

[CIV_ML/M14_GP _pipeline_obs.py]
Professor: J-A. Goulet ® Polytechnique M
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Intro. Linea

0 l

y [°c]

-10 ! ! ! I
0

H_
I
o
8
I
—
<
S

Measurement error: oy = 0.5
Observations: D = {([31,70], [3.42,2.92])}
—_— —

X y

[CIV_ML/M14_GP _pipeline_obs.py]
Professor: J-A. Goulet ® Polytechnique M
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2. o N T i
"ol
_10 L L L | ]
20 40 60 80 100
X [km]
| |
z=0 x =100
[km]

Measurement error: oy = 0.5
Observations: D = {([31,70,30], [3.42,2.92,3.38])}

X y

[CIV_ML/M14_GP _pipeline_obs.py]
Professor: J-A. Goulet ? Polytechnique Montré
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Intro. Linear Gaussian Process Regression Example Neural Ne

Multiple covariates: x = [x1, xp, - - - , x|

Multiple covariates: x = [xi, x, - -+, xx]!

reality

~N = .
Yi :g(Xi)+Vi, Xi:[X17X2,"' 7XX];'|-7 fOTI:].,"' 7D

observation covariates

y= [y17y27"' 7yD]T7 X = [x17x27"‘ 7XD]X><D7 L= [£17£27"' 7£X];><1

one £y per covariate xy

X (x; )2
p(xi,xj) = exp —%ZW
k=1

= exp (_%(X:‘ — xj)Tdiag(£%) "} (x; - xj))

Professor: J-A. Goulet ? Polytechnique Montréal

ic Machine Learning for Civil Engineers



Gaussian Process Regression am
)O 0000000000000e000000000 00O«

p(xi,x;) = exp (—%ZW)

Raw data
sily>ox : Imp(Xk = y)~0
si £k<0'Xk : Imp(Xk—>y)>>0

Standardized data (xx — px,)/0x,

silek>1: Imp(Xyk = y)=0
sil<1l: Imp(Xxk —y)>0

[CIV_ML/M14_multivariate_corr_fct.py]|
Professor: J-A. Goulet ? Polytechnique Montréal

Regression methods | V2.4 | Probabilistic Machine Learning for Civil Engineers 41/96



Intro. Linear > Gaussian Process Regression Examples

Parameter estimation

Parameter estimation o¢ & £

Up to now, we made the hypothesis that we knew o and
L= [£1a£27 o 7£X]T-

In practice, we need to learn hyperparameters 6 = [o¢, £]T using
training data D = {D,, D, } = {(x,yi), i =1,---D}.

Bayes rule:

likelihood prior
— e NN
f(Dy|Dx, 0) - f(0)

f(8|D,,D,) =
( | y) f(Dy)
posterior \?tg-’

A\ In practice, evaluating f(60|Dy, D, ) is computationally
expensive...

Professor: J-A. Goulet 9 Polytechnique Mo
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Inu Lm ar ) Gausslan Process Regression Exam } oles

Parameter estimation

MLE approximation

likelihood prior
—f—
f(Dy|Dy, 0)-f(0)

f(Dy)
——
cte.

If £(8) = cte., V6 — f(6|Dy,D,)  f(D,|Dx, 6)

——
f(6| Dx, Dy) =
N———

posterior
0" = arg max f(D,|Dy, )
0

f(Dy|DXv0) = N(Dy? my, Xy)

Professor: J-A. Goulet ? Polytechnique Montréal
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Intro

Parameter estimation

MLE approximation (cont.)

When the size of Xy increases, f(Dy|Dy, 8) — 0 causing
zero underflow A\.

Solution:

likelihood log-likelihood

—_—~ —_—
0" = arg max f(D,|Dx,0) = arg max log f(D,|Dx, )
(4 (4

f(Dy|Dy, 0)'s maximum corresponds to log f(D, |Dy, 6)'s
maximum and there are no more zero underflow A\,

log f(Dy|Dx,0) = logN(Dy;py,Xy)
= 1Dy — puy)TELH(D, — py) — 3log|By| — Slog2r

Professor: J-A. Goulet ? Polytechnique Montréal
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Intro. Linear R

Parameter estimation

Maximization

Inp(y[x, 8) dlnp(y|x.0) _
do B
3 How to find 6*7?
7 b
P % ox
— Sy Y s B Y
89 log f(y|x,0) = Xy 0 S 2y 2 tr( Y 00;

We employ iterative optimization techniques to find 6*
(such as Newton-Raphson)
Efficient algorithms are already implemented in GPy/GPML.

Professor: J-A. Goulet ? Polytechnique Montréal
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Gaussian Process Regression
0000e
Parameter estimation

Interactive example - T° distribution along a pipeline [#]

g [°c]
o
|
|
|
|
|
|
|
l
|
|
|
|

[CIV_.ML/GPR_example.m]
9 Polytechnique Montréal

Professor: J-A. Goulet
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Intro. Linear > Gaussian Process Regression Examples

Evaluating GPR’s predictive capacity

Evaluating GPR'’s predictive capacity

We should employ N-fold cross-validation to estimate the GPR
predictive capacity

1. set-up the GPR model
2. use CV to estimate hyper-parameters {€, 0,0y} the current

training set and then predict only data points that are not
used in the training set

3. repeat 2. for each for the N cross-validation fold

Ky |D,i—Yi

4. plot the histogram of normalized prediction errors: ovimo

5. plot a scatter of predicted and observed values

Professor: J-A. Goulet

? Polytechnique Montréal
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Gaussian Process Regression
oe

Evaluating GPR’s predictive capacity

Example — GPR predictive capacity (20-folds CV)

0.4 4 Bn  Predictions
—— Theorerical

50 1

e
39
|

S
o
|

Predictions
w
(e}
|
Probability density
=)
[\
|

<
=
|

20 |
\ \ \ \ 0
20 30 40 50 —4 -2 0 2 4

Observations (B0 = 9)/ovip

Professor: J-A. Goulet ® Polytechnique Montréal
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Gaussian Process Regression

GPy library - Option #1 Raw data [@]

import GPy
import numpy as np

# Data
x_obs, y_obs, x_pred #Covariates, observed values, pred. covariates
nb_dim = x_obs.shape[1] #Number of covariates

# GPy

1, var_G, var_V = 10, 2, 0.1 #Lengthscale, Process/observation err. variance
10 kernel = GPy.kern.RBF(input_dim = nb_dim, variance = var_G, lengthscale = 1)
11 1ik = GPy.likelihoods.Gaussian()

12 model = GPy.models.GPRegression(x_obs, y_obs, kernel = kernel ,ARD = True)
13 model .Gaussian_noise.variance = var_V

14 model.optimize ()

15  print(model)

©O~NOO DA WN -

17 # Estimated parameter values
18 print(kernel.lengthscale)

19  print(kernel.variance)

20  print(model.log_likelihood())

21

22 # Predictions

23 m_G, var_G = model.predict(x_pred, full_cov = False) #Diagonal covariance
24

25 # Ploting
26 fig = model.plot()
27  GPy.plotting.show(fig)

Regression methods | V2.4 | Probabilistic Machine Learning for Civil Engineers



Gaussian Process Regression

GPy library - Option #2 Standardized data [@]

# Standardization

mx = np.mean([x_obs],axis=1)
10 sx = np.std([x_obs],axis=1)
11 my = np.mean([y_obs])

12 sy = np.std([y_obs])

13 x_std = (x_std-mx)/sx

14 y_std = (y_obs-my)/sy

15 x_pred_std = (x_pred-mx)/sx

1 import GPy

2 import numpy as np

3

4 # Data

5 x_obs, y_obs, x_pred #Covariates, observed values, pred. covariates
6  nb_dim = x_obs.shape[1] #Number of covariates

7

8

9

17 # GPy

18 kernel = GPy.kern.RBF(input_dim = nb_dim, ARD = True)

19 model = GPy.models.GPRegression(x_std, y_std, kernel = kernel)
20  model.optimize ()

22 # Standardized Predictions
23 m_G_std, var_G_std = model.predict(x_pred_std, full_cov = False) #Diag. cov.

25 # Unstandardize predictions
26 m_G = m_G_std*sy+my
27 var_G = var_G_std*xsy*x2

[CIV_ML/GPR_-Example_Concrete.py]
Polytechnique Montréal
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Examples
°

Examples
4.1 Soil contamination characterization
4.2 UCI - Concrete Slump

Professor: J-A. Goulet ? Polytechnique Montréal

ic Machine Learning for Civil Engineers



Examples
€000

Soil contamination characterization

Soil contamination characterization [4]

[CIV_ML/Soil_contamination_data.fig]

Polytechnique M



Soil contamination characterization

Examples
fo] Yole)

Problem set-up

Covariates and observations:

1 = [x,y, 2]

geodesic coordinates

D ={D,, Dy} = {(11",y)), i =1:116}

Observation model:

Professor: J-A. Goulet

true contaminant [] in log space

log yi =g(i™)+ vi, v:V~N(0,02
g yi =gli’)+ vi v (0,0%)

observation meas. error in log space

9 Polytechnique Montréal

ic Machine Learning for Civil Engineers



IHU Lm ar

Sonl contamination characterization

Problem set-up (cont.)

Prior: (v - 0 s >, Ty
H=1V . J 71057 [ =, =

[Zdu = p(I{G} |{G})
By = o102

Pl 1) = exp (50— )Teog(€) 0, - 1)

Posterior knowledge:
fop =t + TP, ISy — py)
Tup =X, X I Ty,

Professor: J-A. Goulet ? Polytechnique Montréal
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Examples
0000
Soil contamination characterization

Problem set-up (cont.)

Hyper-parameters estimation:

9 = {£X7£y7£27 G, UV}

log-likelihood
—_—t——
0* = arg max logp(D,|Dy, )
]
fy =56.4m
¢, =53.7m
= {, =0.64m
o = 2.86
oy = 0.18

Professor: J-A. Goulet 9 Polytechnique Mol
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Intro. Line Examples

Soil contamination characterization

Results — contaminant concentration [4] [4]
Pr([J>[Jadm)=0.5 1 1D | 10m

z [m]
A

100

300 100

400

x[ml 500 90
y [m]
[CIV_ML/Soil_contamination_concentration.fig/ /Soil_contaimnation /GPR_SC_main.m]

Professor: J-A. Goulet ? Polytechnique Montréal
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Examples
ocooe

Soil contamination characterization

Results — Prediction quality

=Predictions — Theoretical

-(log yi,log My p,;) —log yi = log Mly|p;—(log y;. log My|p £ 0y|p.;)

0.6
6
0.55
5.5
0.5 5
0.45 45
0.4 4
0.35 35
0.3 < 03 g
0.25 ®25
0.2 2
1.5
0.15
1
01 0.5
5-1072 0
U= =3 2 -1 0 1 2 5 & ¢ 0051 15225335 44550556
log My|p ;—log yi log y;

YD

/\ Overall, the predictive capacity is poor — need more data

Polytechnique Montréal
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Intro. Lin [ 2 1 Examples

©000 ¢
UCI - Concrete Slump

UCI - Concrete Slump dataset

Aot Ciion Py Donato Dot ot 1 Output [M Pa]

» 28-day compressive strength

View ALL Data Sets

7 covariates [kg/m?]
» Cement
Slag

Concrete Slump Test Data Set
Download: Data Folder. Data Set Description
Abstract Concrle is  hghly complex material. Th slump flow of concrete

is not only determined by the water content, but that s also infiuenced by
other concrete ingredients.

Fly ash

Data Set Number of )
Characteristics: Multvariate | jngtances: 103 || Area: Computer

Attribute Number of 2009-04-

Characteristics: Real Attributes: 10 30 W ater
Associated Tasks: Regression | Missing Values? | NiA | Numberof Web | 13501

Superplasticizer

Source:

Donor: I-Cheng Yeh
Email: icyeh ‘@' chu.edu.tw

Institution: Department of Information Management, Chung-Hua University (Repubiic of China)

Other contact information: Department of Information Management, Chung-Hua University, Hsin Chu, Taiwan
30067, RO.C.

Coarse aggregate

vVvyVvyvyyvyy

Fine aggregate

https://archive.ics.uci.edu/nl/datasets/Concrete+Slunp+Test

Polytechnique M
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https://archive.ics.uci.edu/ml/datasets/Concrete+Slump+Test

Examples
fo] Yolo)

UCI - Concrete Slump

Problem set-up

Covariates and observations:
_ T
X,’—[Xl,XQ,"‘ 5X7],‘

D = {Dy, Dy} = {(B5x ¥ikiv) j=1:103}

Observation model:

true strength

. ~ 2
yi =g&)+ vi, v:V ~N(0,0y)

observation meas. error

Professor: J-A. Goulet ? Polytechnique Montréal

ic Machine Learning for Civil Engineers



Intro. Linear Re o Ga an P e on Examples Ad

UCI - Concrete Slump

Hyper-parameters estimation

log-likelihood
0* = arg max log p(D,|Dy, )
(4
(¢4 = 54 )
by = 7.2
/3 = 4.8
by = 24
= ls = 185 A
le = 28644 A
l7 = 3.9
og = 2.7
oy ~ 0 )

Professor: J-A. Goulet ? Polytechnique Montréal
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UCI - Concrete Slump

Examples
fole] To)

Results 20-folds CV — x = [x1, x2, X3, X4, X5, X6, X7|T [@]

0.4+ Ir  Predictions
—— Theorerical
50
£ 03
w
’ :
£ 40 , ;e
= v = 0.2+
£ f g
[a M /"' <
30 | 2
A A 0.1
20 |
T T T T 0
20 30 40 50 —4 -2 0 2 4
Observations (o —9)/ovip

Professor: J-A. Goulet

Mean square error (MSE) 0.118
Mean absolute error (MAE)  0.212
Mean error (ME) 0.016
Std error (RMSE) 0.343

[CIV_ML/GPR_example_Concrete.py]
? Polytechnique Montréal
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UCI - Concrete Slump

Examples

oooe

Results 20-folds CV — x = [x1, x2, X3, X4, X5, , x7]T [@]

0.4 I Predictions
—— Theorerical
50 =
= 034
. ]
4 ()
2 40 =
g 2
;8 y = 0.2
: E
30 2
» & 0.1
20
T T 1 ! 0
20 30 40 50 —4 -2 0 2 4

Professor: J-A. Goulet

Observations (o —9)/ovip

Mean square error (MSE) 0.079 < 0.118
Mean absolute error (MAE)  0.181
Mean error (ME) 0.029
Std error (RMSE) 0.279

[CIV_ML/GPR_example_Concrete.py]
? Polytechnique Montréal
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Adv. topics
°

Adv. topics

5.1 Prior knowledge — mean values
5.2 Covariance functions

5.3 Homo/Heteroscedasticity

5.4 Other methods

Professor: J-A. Goulet 9 Polytechnique Montréal

ic Machine Learning for Civil Engineers



Intro. Linear Re o Gaussian P e on Adv. topics Neural Net:

@000000 00000

Prior knowledge — mean values

Prior knowledge — mean values

So far, we have modelled our prior mean as either 0 or a cte.

When predicting in the neighbourhood of observed data the prior
knowledge has a negligible impact. However, the impact of the
prior increase as the distance from observed data increases

Solution: your prior knowledge can be parameterized by a
function depending on covariates.
eg: m(x)=ax+b

Where {a, b} are hyper-parameters that needs to be estimated
using data.

Professor: J-A. Goulet ? Polytechnique Montréal
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Adv. topics
oe
Prior knowledge — mean values

Interactive example - T° distribution along a pipeline [#]

g [°c]
o
|
|
|
|
|
|
|
l
|
|
|
|

[CIV_.ML/GPR_example.m]
9 Polytechnique Montréal

Professor: J-A. Goulet
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Adv. topics
©00

Covariance functions

Square-exponential covariance function

i) = e (50— x)dise(0) 20 %)
~ (bl — ble)?
— exp (_Z#)

Professor: J-A. Goulet 9 Polytechnique Montréal
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Adv. topics
00

Covariance functions

Matern covariance function

91 0 1 2 X —

p(xi,x;) = exp ( Z ‘[X']k[e]k[xj]k\)

Professor: J-A. Goulet 9 Polytechnique Montréal
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Adv. topics
ooe

Covariance functions

Covariance function and cross-validation

How to choose between two covariance function structures?

Cross-Validation (easy way)
or
Bayesian Model selection (hard way)

Professor: J-A. Goulet ? Polytechnique Montréal
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Intro A G ) S a S topics

(a) Homoscedastic and (b) Heteroscedastic and  (c) Heteroscedastic and
independent independent dependent

a) Standard GPR ,GPy/GPML

b) Tolvanen et al. (2014). Expectation propagation for non-stationary
heteroscedastic gaussian process regression. |EEE-MLSP, GPy/GPStuff

C) Tabor et al. (2017). Probabilistic modeling of heteroscedastic laboratory

experiments using gaussian process regression. Journal of Engineering Mechanics

olytechnique Mo
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Intro. Line 3 e ) s amples ics N

200 300
< < o [MPa|

400

(a) Homoscedastic and (b) Heteroscedastic and  (c) Heteroscedastic and
independent independent dependent

a) Standard GPR ,GPy/GPML

b) Tolvanen et al. (2014). Expectation propagation for non-stationary
heteroscedastic gaussian process regression. |EEE-MLSP, GPy/GPStuff

C) Tabor et al. (2017). Probabilistic modeling of heteroscedastic laboratory

experiments using gaussian process regression. Journal of Engineering Mechanics

Polytechnique M




Intro. Linear o ce e Example Adv. topics Neural Networ

Other methods

Regression methods

Linear regression and Gaussian Process regression are not the only
approaches available

» Neural-networks (Deep-Learning)
» Support vector macine (SVM)

» Decision tree (Random-forest)

> Lt

Most of current research carries on Neural Networks

Professor: J-A. Goulet ? Polytechnique Montréal
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Neural Networks
°

Neural Networks

6.1 Introduction

6.2 Linear Regression

6.3 Activation Functions
6.4 Multi-Layers Perceptron
6.5 Parameter Estimation
6.6 Examples

6.7 Code

Professor: J-A. Goulet ® Polytechnique Montréal
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Neural Networks
.

Introduction

Introduction to the Neural Networks

Data
D = {(xj,yi),Vi=1:D}

Covariate
x; € R* : { attribute

regressor

yi € R : Observation

? Polytechnique Montréal
72/96

Professor: J-A. Goulet
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Neural Networks
©00

Linear Regression

Linear Regression — Neural Network
Covariates
X = [X17X27X3]T

b
e Hidden state variable
%)
z = wix1 + woxo + w3x3z + b

<
wo ¥
& a @ Observation equation

@ y=z+v, v:V ~N(v;0,0%)

Model parameters
0 - {W17 W2, w3, b}

Professor: J-A. Goulet ® Polytechnique Montréal
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Intro. Linear R

Li;\éar Rééréssion
Linear Regression with multiple layers — Neural Network

Hidden state variables
(1) _ (0) (0) (0) (0)
b KO b Layer 1{ 7 1X1+wy X2 + w3 X3+ by

2z ) = (0)x1 + W2( 2)x2 + W3EO2)X + b§0)

Layer 2{ @ = W0 U0 1 )

Observation equation
y—z{z)—i— v, v:V ~N(v;0,0%)

Model parameters

Covariates O ) 40 ©) 0 0
X = [x1, X2, x3]T 0 = { 11= (3)17 (13)17121) Wi 5, W5, W35,
b 1 1> 2 1> b(l)}

? Polytechnique Montréal
74 /96
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Neural Networks
ooe

Linear Regression

Linear Regression — Limitation

No matter how many layers you
include — linear relationship
between x and y

Professor: J-A. Goulet ® Polytechnique Montréal
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Activation Functions

Activation Functions

— Slgm‘md —‘tanh ‘ R,eLp os (Z)
1 ————
E /
5 0 o.t (Z) —
1 I | | |
-3 -2 -1 0 1 2 3
z

Activation unit: a;

0 —

Professor: J-A. Goulet
Reg

n methods | V2.4 | Proba

c Machine Learning for

Engineers

Neural Networks

1 ) .
= HTp(—Z) (SlngId)
e? —e ?
g (tanh)
max(0, z) (ReLU)

o ()

? Polytechnique Montréal
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Mult| Layers Perceptron

Single Layer Feedforward Neural Network
Hidden state variables
{ A = s+ W+ g + 40

Layer 1
zél) = (0)x1 + W2( 2)X2 + W§02)X + bgo)

OUtPUt{ h= wf )agl) + W2( )agl) + p)

Activation units
1 r 1
1 _ o (z{ ))

& = o ()

Model parameters

Covariates 0 = (w9 W 0 O L0 L0
X = [x1, x2, x3]7 11,(0)21,()31,(1) 112’ W25 W33,
b2 Wy T, Wo ’b( )}

Professor: J-A. Goulet ? Polytechnique Montréal
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Neural Networks
00

Multi-Layers Perceptron

Multi-layer perceptron (MLP)

59

~5

W) w(y
47

Activation unit in layer j + 1
&Hidden variable in layer j + 1

Weights f—\v Bias
a:('j+1) — Y (Z(j+1)) <W1(J'i)agj) (j,)ag) + .. () ,0) + I(J))

j =0 +wy Tt wyian

&\J ¢ Activation units from layer j j

ctivation function

Professor: J-A. Goulet ? Polytechnique M
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Intro. Linear Re

Multi-Layers Perceptron

Multi-layer perceptron (MLP) — Matrix Notation

L+) — Wal) 4 p0)

b= 20 = w0004 (800

i o i it
i . .
E2) ) W1 Wao W Z; ) bz)
. = . . xXo . + .
(+1) G ' () )
2y Ax1 Wﬁ{i Wﬁf% ngjl)x AXA 2y Ax1 by Ax1
20+1) wi) ali) bl)

Professor: J-A. Goulet ? Polytechnique Montréal
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Intro. Linear ) G rocess 1 Examples

Parameter Estimation

Multi-layer perceptron (MLP) — Parameters

For fully connected network with L layers, each having A activation
units,

0, € RMA@-1)  \eight parameters, w/

J
0, € RAXL bias parameters, bJ’-

For L =2, A =1000

6 ={6,,0,} € R~

Professor: J-A. Goulet ? Polytechnique Montréal
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Intro. Linear Reg

Parameter Estimation

Joint Log-likelihood — 8 = {6,,,0,}

D = {Dy,D,} f(Dy|Dx,0) = [ [N (yii h(xi; 8),5%)
= {(xi,y;),Vi=1:D} '

I
—

Inf(D,|Dx,0) = In(N (yi; h(xi; ), 0%/))

M-

i=1
1.1 2
D
0* = in J(D; 0 1
argomln ( ) = 3 J(xi, yi; 0)
i=1
= —J(D;0)

Professor: J-A. Goulet ? Polytechnique Montréal

Regression methods | V2.4 | Probabilistic Machine Learning for Civil Engineers 81/96



Intro. Linear R o Ga a o a 3 Adv. topics Neural Networks

)O 00000000000 e0C

Prarr;metrerr Iéstimation
Parameter estimation — Gradient descent

A:  Learning rate

V »J(D;0): gradient w.r.t W(I)

wl e wl) -V guie) 0
W] V,0nJ(D;0): gradient w.rt b;
b b — AV 0 J(D; ) ’

Gradients are estimated using
backpropagation (Chain rule)

Estimating 6* is done using (stochastic) gradient descent
(ADAM, ADAGRAD, etc...) over multiple epochs

» SGD: Compute V using small batches of data
» Epoch: Seeing the entire dataset once

» Early stop: Stop when the loss on the validation set increases
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Intro. Linear
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Epochs

Estimating 6* is done using (stochastic) gradient descent
(ADAM, ADAGRAD, etc...) over multiple epochs

» SGD: Compute V using small batches of data
» Epoch: Seeing the entire dataset once
» Early stop: Stop when the loss on the validation set increases
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Intro. Linear

Parameter Estimation

Parameter estimation & data standardization

In order to perform well, NN need to work on standardized data

X —  XiTHXx
XS o
v: — JYi“Hy
yi = YoUr

Then you need to destandardize the NN output g(X;0) © oy + py
Why? Because otherwise, you would need to initialize

0 = fCt(IJ'X7 oxX, MY, UY)

A
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Neural Networks

1 output [MPa]
» 28-day compressive strength

View ALL Data Sets

7 covariates [kg/m?]

Concrete Slump Test Data Set
» Cement

Download: Data Folder, Data Set Description
Abstract: Concrete is  highly complex material. The slump flow of concrete

is not only determined by the water content, but that s also infiuenced by
other concrete ingredients.

Slag

— — : Flv ash
P Multvariate | Mumber of 103 | Area: Computer as
Attribute Number of 2009-04-

Characteristics: Real Attributes: 10 30 W ater
Associated Tasks: Regression | Missing Values? | NiA | Numberof Web | 13501

Superplasticizer

Source:

Donor: I-Cheng Yeh
Email: icyeh ‘@' chu.edu.tw
Institution: Department of Information Management, Chung-Hua University (Repubiic of China)

er contact information: Department of Information Management, Chung-Hua University, Hsin Chu, Taiwan
30067, RO.C.

Coarse aggregate

vVvyVvyvyyvyy

Fine aggregate

https://archive.ics.uci.edu/nl/datasets/Concrete+Slunp+Test

et Polytechnique Montréal
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Neural Networks

Examples

Problem set-up

Covariates and observations:
_ T
Xj = [X1,X2,"' 7X7],-

D= {DmDy} {( MX? = “Y)v i=1:103}

Oy

Observation model:
true strength

Vi = g(%i)

observation

Professor: J-A. Goulet ? Polytechnique Montréal
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Intro. Linear

Examples

Neural network setup

Loss function
Mean square error

-~

D

* H 1 Y, X:° 2
0" = argemm 5 ;(YI —g(xi; 0))

Network configuration
» L =1 (nb. hidden layer)
A =200 (nb. hidden units/layer)
E = 50 (nb. epochs)
B = 20 (Batch size)
R =5 (nb. of repetitions)

vVvyYyyvyy

learning rate = 0.005
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Neural Networks

Examples

Results 20-folds CV x 5 repetitions [@]

50 ’

'
)
I
"2y
S
>

10(] -

Predictions
w
o
|
)
.,
Validation MSE

-1
20 | 10

Observations Epoch

Mean square error (MSE) 0.696 4 0.14 > 0.118 (GPR) A
Mean absolute error (MAE)  0.572+0.03
Mean error (ME) -0.003+0.04
Std error (RMSE) 0.830+0.08

[CIV_.ML/NN_example_Concrete_slump.py]

Professor: J-A. Goulet 9 Polytechnique Montréal
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Intro.  Line

UCI - Concrete Strength dataset: GPR v.s. NN

1 output [MPa]
gei—— » 28-day concrete strength

® Reostory @ Weo

View ALL Data Sets 8 covariates

(sJotncrete Compressive Strength Data > Cement [kg/m3]
e
Donioed Bata Fades Daa Se Descaion Blast Furnace Slag [kg/m?3]

Abstract: Concrete is the most important material in civil enginering. The concret
f age and ingredients.

T T T T =
Attribute Characteristics: | Real Number of Attributes: |9 Date Donated 2007-08-03 3
N ~— [ |~ Water [kg/m?]
Sourss: Superplasticizer [kg/m?]

Coarse aggregate [kg/m3]
]

Fine aggregate [kg/m

Date Donated: August 3, 2007

vVvyVvyVvyYVvyYyvyy

https://archive.ics.uci.edu/ml/datasets/concrete+compressive+strength

Age [days]

Professor: J-A. Goulet ? Polytechnique Montréal
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Neural Networks

Examples

Problem set-up

Covariates and observations:
xj = [x1,x2, -+, xg]]

D = {Dy, Dy} = {(X5x Yokr) i =1:1030}

Observation models:

GPR NN
true strength true strength
yi =g&i)+ vi yi =g(X%)
N~ ~—~ ~—~
observation meas. error observation

Professor: J-A. Goulet ® Polytechnique Montréal
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Intro. Linear

Examples

Model setup
NN
» Loss function: MSE
GPR > L =1 (nb. hidden layer)
» Square exponential » A =500 (nb. hidden units)
correlation fct. (RBF) » E =50 (nb. epochs)

» () — default parameters » B =100 (Batch size)
» R =5 (nb. of repetitions)
» learning rate = 0.005

Professor: J-A. Goulet ? Polytechnique Montréal
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Neural Networks

Examples

GPR 20-folds CV [@]

80 -

Ir  Predictions
—— Theoretical

(=]
[S2
|

Predictions
= D
o (==
| |
53
=~
|

probability density
o =)
o o
| |

20
0.14

I N

20 40 60 80 —4 -2 0 2 4
Observations (31D —9)/ovip

Mean square error (MSE) 23.9
Mean absolute error (MAE) 3.4

Mean error (ME) -0.006
Std error (RMSE) 4.9+0.08

[CIV_ML/GPR_example_Concrete.py]
? Polytechnique Montréal
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Neural Networks

Examples
NN 20-folds CV x 5 repetitions [@]
80
60 m
2} n
g =
: 5
g 40 b=
& =
- &
20 1
2‘0 4‘0 60 8‘0
Observations Epoch

Mean square error (MSE) 23.1+0.1 ~ 23.9 (GPR) A
Mean absolute error (MAE)  3.5+0.02
Mean error (ME) -0.2£0.03
Std error (RMSE) 4.9+0.01

[CIV_.ML/NN_example_Concrete_slump.py]

Professor: J-A. Goulet ® Polytechnique Montréal
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Neural Networks

Defining a FNN with PyTorch [@]

1 import torch

2 import numpy as np

3 import pandas as pd

4

5 #Load the data

6 data = pd.read_excel(’Data.xls’,’Sheetl’, header=None,skiprows=1)
7 data = pd.read_csv(’Data.csv’, header=None,skiprows=1)

8

9 data_array = np.array(data)

10 data_array = np.random.permutation(data_array) #Randomly shuffle the rows
11

12 input_size, output_size, nb_units = 10, 1, 25

13 x = data_array[:,0:input_size]

14 y = data_arrayl[:,input_size:input_size-1+output_size]

15

16 #Define the network
17  model = torch.nn.Sequential(

18 torch.nn.Linear (input_size,nb_units),

19 torch.nn.ReLU(),

20 torch.nn.Linear (nb_units,output_size))

21 criterion = torch.nn.MSELoss () #Define loss function

22  optimizer = torch.optim.Adam(model.parameters(),1r=0.005) #Ir: learning rate

Note: you need to reinitialize the model for every CV fold

Polytechnique Montréal
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Neural Networks

Training a FNN with PyTorch [@]

1 #CV index selection

2 idx = ... #Define your index for the train/validation CV fold
3 x_train = np.delete(x, idx, 0)

4 y_train = np.delete(y, idx, 0)

5 x_val = x[idx]

6 #Standardization

7 mx = np.mean([x_train],axis=1)

8 sx = np.std([x_train],axis=1)

9 my = np.mean([y_train])
10 sy = np.std([y_train])

11 x_train = (x_train-mx)/sx

12 y_train = (y_train-my)/sy

13 x_val = (x_val-mx)/sx

14 x_train = torch.tensor(x_train,dtype=torch.float32) #Transform data to tensor

15 y_train = torch.tensor(y_train,dtype=torch.float32) #Transform data to tensor
16 #Training

17 for e in range(nb_epochs): #Loop over epochs

18 nb_batch = ...

19 for b in range(nb_batch): #Loop over batches

20 idx_b = ... #Define index indicating which observation to use

21 y_pred = model(x_train[idx_b]) #Predict

22 loss = criterion(y_pred,y_train[idx_b].reshape(-1,1)) #Calculate loss
23 optimizer.zero_grad() #Backprop

24 loss.backward ()

25 optimizer.step ()

Polytechnique Montréal
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Neural Networks

Testing a FNN with PyTorch [@]

AW

#Prediction

x_val = torch.tensor(x_val,dtype=torch.float32) #Transform data to tensor
y-pred_val = model(x_val)*sy+my #Predict & unnormalize for the validation set
y_pred_val = np.concatenate(y_pred_val.detach().numpy())#Tensor to array

Polytechnique M
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Intro

Summary
Linear Regression: outperformed by modern methods
Gaussian Process Regression:

» State-of-the-art for small datasets (=~ D < 10° — 10%)
» Allows interpolating and extrapolating (uncertainty estimates)
» Few hyperparameters
Neural Networks:
» State-of-the-art for large datasets
» Requires large datasets to outperform other methods
» Several hyperparameters
Cross-Validation:
» Prevents over-fitting
» The standard method for quantifying accuracy & comparing models

Professor: J-A. Goulet ? Polytechnique Mo
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