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Introductory example

Example — Screening test

Given a deadly disease so rare that only one
human on Earth has it.

We have a screening test so that

Pr(test + |disease) = 0.999

test4 —
Pr(test 4 |~disease) = 0.001
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Introductory example

Example — Screening test

We expect =~ 0.001 x (8 x 10°) = 8 x 10° false diagnoses.

1 .
Pr(disease|test+) ~ ravET 2 x Pr(@3)

10
If you want to properly extract information from
data, you must consider the prior probability of the

phenomenon you are interested in.

[NASA, Google Images]|
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Introductory example
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Bayes

2.1 Bayes's rule

2.2 Prior — f(x)

2.3 Likelihood — f(D|x)
2.4 Evidence - f(D)

Professor: J-A. Goulet ? Polytechnique Montréal
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Bayes's rule

Why Bayes?

y: Observation

p(unknown [known)

x: Constant

X:Random variable

0: X ~ f(x;0)

Professor: J-A. Goulet ® Polytechnique Montréal
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Bayes's rule formulation

Given two random variables X ~ f(x) and Y ~ f(y), their joint
PDF is obtained by the product of the conditional PDF and the

marginal PDF
f(x|y) - f(y)
f(x,y) =
fylx) - f(x)
In the case where y is known, but x is not, we employ Bayes rule

fxly) - fy) = f(ylx) - f(x)

Professor: J-A. Goulet ? Polytechnique Montréal
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Bayes's rule

Bayes's rule
Given X = [X1, Xa,- -+, Xg|T a vector of random variables so that
X ~ f(x)

and given D = {y1,y», -+ , o} a set of observations
corresponding to realizations of Y = [Y1, Y2, -, Yp|T so that
Y ~ f(y)

fly = D) - F(x)

f(X|y = D) = f(y _ D)
likelihod  prior
f(Dlx) - f(x)
f(x|D) =
(xip) = 20
posterior M~~~

normalization cte.

Professor: J-A. Goulet ? Polytechnique Montréal
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Prior — f(x)

Prior knowledge

f(x) describes our prior knowledge for the values that values x can
take. Prior knowledge can be based on

» Engineering heuristics (expert knowledge)
» The posterior PDF obtained from previous data

» Non-informative prior (i.e. absence of prior knowledge)

f(z)

eRT

Professor: J-A. Goulet ? Polytechnique Montréal

Bayesian Estimation | V2.3 | Probabilistic Machine Learning for Civil Engineers

9/64



Introduction  Bayes Dis Continuous 2 para Conjugate Prior  Summar

Likelihood — f(D|x)

Likelihood — f(D]x)

f(y = D|x) = f(D|x) describes the conditional probability of a set
of observations D given the values that x can take.

Note: you do not need Bayes in the special case where y = x
p(test+|disease) = p(test-|~disease) =1
p(test-|disease) = p(test+|—disease) =0

Because the observation is exact, the prior does not play a role.

Professor: J-A. Goulet ? Polytechnique Montréal
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Evidence — (D)
f(y =D) = (D) is called the evidence or the normalization
constant.

The posterior integral must be equal to 1

S p(x|D) = / F(x|D)dx = 1
X N /

. continuous case
discrete case

so that

p(D) =3 plylx) - p(x), (D) = / F(ylx) - F(x)dx

X

. continuous case
discrete case

Professor: J-A. Goulet ? Polytechnique Montréal
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Discrete

3.1 Example — Disease screening

3.2 Example — Role of the prior

3.3 Example — post-earthquake damage assessment

Professor: J-A. Goulet ® Polytechnique Montréal
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Example — Disease screening

Example — Disease screening

. Pr(disease | test+)
Entire

population

Pr(test+ |disease) - Pr(disease)
Pr(test+[disease) - Pr(disease)+Pr(test+ [ ~disease) - Pr(—disease)

1% % 80%

In measur}ng, we find: (1% X 80%)+(99% x 10%)

p = 7.5%
Person with disease v
Pr(disease) = 1%
Pr(—disease | test+)

Prtest | ~disease) - Pr(—disease)
Pr(test+[disease) - Pr(disease)+Pr(test+ [ ~disease) - Pr(—disease)

o 10%x99%
Pr(test + |disease) = 80% ‘ ‘ Pr(test + |—disease) = 10% ‘ - (1% % 80%)+(99% X 10%)
1% x 80% 99% x 10% = 92.5%
B
+

[John Henderson]

Professo Polytechnique Montréal

Bayesian Estimation | V: | Probabilistic Machine Learning for Civil Engineers



Discrete
0000

Example — Role of the prior

Example — Fire alarm (Role of the prior)

t — 1 min t t+ 1min

Pr =10.99 Pr=0.7 Pr=0.1

pr = 0.01 0-01

Bayesian Estimation | V2.3 | Probabilistic Machine Learning for Civil Engineers
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States : x € {fire, ~fire} = {#, A}
Observation: y € {alarm, malarm} = {p, —-n}

Likelihood

[ Pr(n]t)=0.95
p(ojx) = { Pr(n|A) = 0.05

Prior knowledge

[ Pr(t)=0.01
Plxe-1) = { Pr(2) = 0.99

Transition probability

Professor: J-A. Goulet
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Example Role of the prior

From t — 1 to t, = 1-0.01=0.01
there are 4(3 . .
orssibrilitiés) Pr(te,Ae1) = Pr(4¢fe1) - Pr(fe1)
P — 0.01-0.99 = 0.0099
e ' Pr(Le, 20 1) = Pr(2efe ) Pr(fe 1)
Pr=0.99 Pr =7Pr = 0.98 = 0.99-0.99 =0.9801
P"(Ata a t—1) = Pr(At|i t—l) : Pr(i t—l)
= 0-0.01=0
Pr=0.01 %01 W —7pr — 0.02 Pr(t¢) = Pr(diedem1)+ Pr( Ay q)
001+ 0.0099 = [0.0199]
Pr(A¢) = Pr(Ay, A1)+ Pr(Ae, fi21)

Professor: J-A. Goulet ? Polytechnique Montréal
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Discrete

Example — Role of the prior oo
t—1 t
Pr’(ﬂ,-i t)
Pr =0.99 Pr =?Pr = 0.72 W
) Pr(o|e;) - Pr(z;
Pr(i¢m) =
A0 = el Pr0) + (Prla) - Pr()
Pr(m)
0.95-0.02
(0.95 - 0.02) + (0.05 - 0.98)

= 0.28

Pr(A¢m) = 1—Pr(i¢o)=0.72

Professor: J-A. Goulet ® Polytechnique Montréal
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Example post-earthquake damage assessment

Example — post-earthquake damage assessment
Given an earthquake of intensity:

X : x € {Light (L), Moderate (M), Important (1)} LI
and a structure that can be in a state:
Y .y € {damaged (D), undamaged (U)} ]

We know the likelihood of a damage given an intensity as well as
their prior probability

Pr(y =D|x=1L1) = 0.01 Prix=1) = 0.90
Pr(y=D|x=M) = 010 & Pr(x=M) = 008 ») =1
Pr(y=D|x=1) = 0.60 Pr(x=1) = 0.02
p(y = Dlx) - p(x
p(xly = D) = (v =Dlx) - p(x) _,

Professor: J-A. Goulet ? Polytechnique Montréal
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p(y=D,x=L) ply=Dx=M) ply=Dx=I)
p(y =D) = p(DIL)p(L)+ p(D|M)p(M)+ p(D|1)p(1)
= 0.01 % 0.90 4 0.10 x 0.08 + 0.6 x 0.02
= 0.029

p(D|)p(1) _ 0.60 x 0.02

plx=Ily=D) p(D) 0.029 0
p(D|M)p(M)  0.10 x 0.08
plx =My =D) p(D) 0.029
D|L)p(L .01 x 0.
p(x = Lly = D) — p(DIL)p(L) _ 0.01x0.90 _ .,

p(D)  ~  0.029

Professor: J-A. Goulet ? Polytechnique Montréal
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Continuous

4.1 Likelihood — f(D|x)
4.2 Evidence - f(D)
4.3 Posterior — f(x|D)

? Polytechnique Montréal
20/64
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Introduction
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Likelihood — f(D|x)

Discrete v.s. Continuous
The main difference between the discrete and the continuous case
is in the definition of the likelihood function f(D]|x)
Like for the discrete case, if y = x there is no need for Bayes

because
— f(xly) = d(y) = 6(X)

Professor: J-A. Goulet ? Polytechnique Montréal
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Likelihood — f(D|x

Observation model

Given X, the true, yet unknown value.
We have access to imprecise observation so that either

y = X+v (direct)
y < Xx+v (lower-bound censored) pv:V ~N(v;0,0%)
y > X+ v (upper-bound censored)

Where V is a zero-mean Gaussian observation error.

Note: V; L V},Vi#j

Professor: J-A. Goulet ? Polytechnique Montréal
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Likelihood — f(b'\x)
Likelihood: y = X + v [4]

Given an observation y; additive
T . . . 2
y=%X+v, v:V~N(v;0,07)

_ _ ooy 1 1 /y—x 2
Flyle) = L) = Nyix of) = e |3 ()

y =-1.0|z =0.0
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Likelihood — f(b'\x)
Likelihood: y < X + v [4]

Given an observation y; lower bound
¥ . . 2
y<X+v, v:V~N(v;0,0y)

e 1 1/y—x 2
fly <X+ vlx :/ ————ex ——< > d
(v [x) L Va2 oy y

y =-1.0lz =0.0 1-CDFN(y;x,0%)

— !
Ll R o

=
=

-5 0 5
[CIPML /Likelihood_example.m]

? Polytechnique Montréal
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Likelihood — f(D|x)
Likelihood: y < X + v [4]

Given an observation y; lower bound
¥ . . 2
y<x+v,v:V~N(v;0,0y)

fly<x+vix)=1 <1+ erf[\/_gv]>

y =1.0|z =0.0 1—CDFN(y;x,a%/)

—~ !
L B 0

|
=
8

x
[CIVML/Likelihood_example.m]
? Polytechnique Montréal
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Likelihood — f(D|x)

Likelihood: y > X + v [4]
upper bound
y>X4v, V~N(v;0,0%)

y 1 1/y—x\?
f(y>>v<+v\x):/ ————exp _§<y X) dy

—o V2T - oy oy

Given an observation y;

y =-1.0/z =0.0
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0O0000e000

Likelihood — f(D|x

Likelihood: y > X + v [4]
upper bound

Given an observation —_——
" Y > %tV V~N(vi0,0)

1 1
f(y>)v<+v|x)———|— erf[

\/_Uv]

CDFN(y;x,cf%/)

y =-1.0]z =0.0

Professor: J-A. Goulet
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Likelihood — f(D|x)

f(D|x): Likelihood for multiple observations
If Vi LV, Vi j
(i.e. observations are independent of each others)

=0,D>1

D

FVi=y1, Ye=wlx) = J]F(Yi=ylx)
i=1

= exp Zln(f(Y,-zy;|X))
i—1

In practice, one should always employ the second formulation
which is more robust towards numerical underflow.

Professor: J-A. Goulet ? Polytechnique Montréal
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Evidence — (D)

f(D): Evidence = Normalization constant [4|

N
F(D) = / F(DIX) - F(x)dx = 3 F(Dlxs) - F(x5) B
i=1

It if often not possible to perform

this integration analytically.
A first crude method to perform .
this integration is the \E 0.1+
rectangle rule w

>

—
N =7, Ax; =2 f(D)~ 0.2158

05 0 5

T
[CIVML/Likelihood_-example_integration.m)

? Polytechnique Montréal
27 /64
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Evidence — (D)

f(D): Evidence = Normalization constant [4|

N
F(D) = / F(DIX) - F(x)dx = 3 F(Dlxs) - F(x5) B
i=1

It if often not possible to perform

this integration analytically.
A first crude method to perform .
this integration is the \E 0.1+
rectangle rule w

>

—
N =10, Ax; = 12, f(D) ~ 0.2198

05 0 5

T
[CIVML/Likelihood_-example_integration.m)

? Polytechnique Montréal
27 /64
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Evidence — (D)

f(D): Evidence = Normalization constant [4|

N
F(D) = / F(DIX) - F(x)dx = 3 F(Dlxs) - F(x5) B
i=1

It if often not possible to perform

this integration analytically.
A first crude method to perform .
this integration is the \E 0.1+
rectangle rule w

>

—
N =20, Ax; = 12, f(D) ~ 0.2197

05 0 5

T
[CIVML/Likelihood_-example_integration.m)

? Polytechnique Montréal
27 /64
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Evidence — (D)

f(D): Evidence = Normalization constant [4|

N

F(D) = / F(DIX) - F(x)dx = 3 F(Dlxs) - F(x5) B

i=1

It if often not possible to perform

this integration analytically.

A first crude method to perform = 0.1)

this integration is the 1;\

rectangle rule =
—

_ . _ 10 ~
N =100, Ax; = 1455, f(D) ~ 0.2197 0% 0 5
T
[CIVML/Likelihood_-example_integration.m)

Professor: J-A. Goulet ® Polytechnique Montréal
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Posterior — f(x|D)

Posterior — f(x|D) [#]

Given two observations D = {y; = —1,y», = 0}.

y=x+v, v:V~N(;0,1%), f(x)=U(x;-5,5)
What is f(x|D)?
f(Dlx) - f(x)

f(x|D) = f(D) ~ 0.2197
(D) = "2 (D)
Prior Likelihood Posterior
0.2 ‘ : 0.6 ‘
Py = 0.1t 1 Q04
%0.1 [ =
= 0.2
05— 5 050 5 %50 5
T T

xT
[CIVML/Likelihood_example_integration.m)
Professor: J-A. Goulet ® Polytechnique Montréal
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Monte Carlo integration

Limitation — (D)

F(D) = / F(DIx) - F(x)dx
N

> F(DIx) - F(xi)Ax;

i=1

%

...the rectangle method is limited to 1D or 2D problems.

(Note: # dimension corresponds to the # of parameters X)

Solution — Monte Carlo sampling

Professor: J-A. Goulet ® Polytechnique Montréal
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Monte-Carlo Sampling

Monte Carlo Sampling — Example
Estimating the area of a circle using Monte-Carlo sampling?
Given a circle of diameter d =1 (r = 0.5) so that

(x —0.5)? + (y —0.5)2 = r?
and given the indicator function

1 if (x—0.5)2+ (y —0.5)2 < r?

'(X’Y):{ 0 else
1/ \

a, = / / 1(x, y)fxy (x, y)dxdy >0.5
y Jx

= E[I(X,Y)] \ /

Professor: J-A. Goulet ? Polytechnique Montréal

(=)

Bayesian Estimation | V2.3 | Probabilistic Machine Learning for Civil Engineers 30/ 64



Monte Carlo
0®000000
Monte-Carlo Sampling

Monte-Carlo Sampling (cont.) [#]
What is the area, a?

If we genreate samples

{xe,ys}, s =1,2,-- 8 following S
) o

a uniform probability density, oo oo .,

i.e. fxy(X,y) =1. '0.0 °

S [ ] 5 .:...... °
a=E[/(X,Y)] = lim 1Z/(Xs,ys) % o ‘; ¢
S—oS = ° .‘0‘0. .0 ..
0 Y}
. s 0 0).(5 1
a= E[/(X, Y)] = §ZI(XS7yS)
s=1

—

For S = 100, E[/(X, Y)] = 0.800 (7r? = 0.785)

[CIV8530/M4_Numerical_integration_exemple.m]

Professor: J-A. Goulet ? Polytechnique Montréal
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Monte-Carlo Sampling

Monte-Carlo Sampling (cont.) [#]

What is the area, a?

If we genreate samples

{Xs,¥s}, s =1,2,--- S following
a uniform probability density,

ie. fxy(X,y) =1.

—

For S = 1000, E[/(X, Y)] = 0.759 (7r?> = 0.785)

[CIV8530/M4_Numerical_integration_exemple.m]

Professor: J-A. Goulet ® Polytechnique Montréal
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Monte-Carlo Sampling

Monte-Carlo Sampling (cont.) [#]

What is the area, a?

If we genreate samples

{Xs,¥s}, s =1,2,--- S following
a uniform probability density,

ie. fxy(X,y) =1.

—

For S = 10000, E[/(X, Y)] = 0.784 (wr? = 0.785)

[CIV8530/M4_Numerical_integration_exemple.m]

Professor: J-A. Goulet ® Polytechnique Montréal
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Monte-Carlo Sampling

Monte-Carlo Sampling (cont.) [#]

What is the area, a?

If we genreate samples

{Xs,¥s}, s =1,2,--- S following
a uniform probability density,

i.e. fxy(X,y) =1.

Estimation quality:
1 - E[/(X,Y)] depends on the number of samples

2- Independent of the number of dimensions

[CIV8530/M4_Numerical_integration_exemple.m]

Professor: J-A. Goulet ? Polytechnique Montréal
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Evidence — (D)

f(D) = /f(D\x)f(x)dx:IEx[f(D|x)]

1 f(Dlxs) - flxs) _ _
f(Dwc = S ; TRk Xs : Xs ~ h(x) : Sampling PDF
1S
= 3 ; f(Dlxs), xs : Xs ~ h(x) = f(x)

Warning: Monte Carlo
integrating with h(x) = f(x) is
not an option when the number
of observations D is large.

Professor: J-A. Goulet ? Polytechnique Montréal
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Posterior — f(x|D)

F(Dx)f(x)
f(D)

f(x|D) — Most often, it does not have a simple analytic solution

f(x|D) =

Solution: compute summary statistics

E[x|D] = / x - £(x|D)dx

var[x|D] = /(x — E[x|D])? - f(x|D)dx

Professor: J-A. Goulet ? Polytechnique Montréal
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E[x|D] = /x-f(x|D)dx

. ;:1 B e 00 = 0
var[x|D] = / (x — E[x|D])? - f(x|D)dx
P O
< 1y (xe — BIDL? - "0 s X () = )

0
Il
,_.

Professor: J-A. Goulet ? Polytechnique Montréal

Bayesian Estimation | V2.3 | Probabilistic Machine Learning for Civil Engineers 34 /64



Introduction 3ayes s Con s Monte Carlo PDF p Co te Prior

Summar
) 0000008000000 O

Monte-Carlo Sampling

Posterior — f(x|D): effect of D

When the number of independent observations D — oo

true value
f(D|x)f(x =
F(x|D) = % S 5(50)
Dirac delta PDF
a
E[x|D] — % S
true value =

>

xT T

var[x|D] — 0 *For identifiable problems

true value

Professor: J-A. Goulet

? Polytechnique M
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Monte-Carlo Sampling

Posterior — f(x|D): D & non-identifiability [4]

We want to estimate the contaminant
concentration in two streams {x, x}, and
where we only have access to contaminant
concentration observations

vi=xi+x+v, viV~N(v;0,2?)

at the output of a river after both streams
have merged

Prior: f(x1,x2) ox 1

Posterior: f(x|D) =7

40

[CIVML /Example_identifiability.m]
Professor: J-A. Goulet ? Polytechnique Montréal
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Monte-Carlo Sampling

Posterior — f(x|D): D & non-identifiability [4]

We want to estimate the contaminant
concentration in two streams {x, x}, and
where we only have access to contaminant
concentration observations

D =100
y1 =258, ,y100 = 24.6

f(Xl, X2) ox1
40 T T

vi=xi+x+v, viV~N(v;0,2?)

30 3

at the output of a river after both streams .
have merged &

10

Prior: f(x1,x2) ox 1

Posterior: f(x|D) =7

N
30 40

Professor: J-A. Goulet
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Monte-Carlo Sampling

Posterior — f(x|D): D & non-identifiability [4]

We want to estimate the contaminant
concentration in two streams {x, x}, and
where we only have access to contaminant
concentration observations

vi=xi+x+v, viV~N(v;0,2?) v
300 a
at the output of a river after both streams o a0l |
have merged &
101 a
- : 2
Prior: f(x1,x2) o< N(x1;10,5%) |

Posterior: f(x|D) =7 .

[CIVML /Example_identifiability.m]
Professor: J-A. Goulet ® Polytechnique M
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Monte-Carlo Sampling

Posterior — f(x|D): D & non-identifiability [4]

We want to estimate the contaminant
concentration in two streams {x, x}, and
where we only have access to contaminant
concentration observations

D =100
f(x1,x2) o
N(Xl; 10,52)

vi=xi+x+v, viV~N(v;0,2?) v
300 a
at the output of a river after both streams o gl |
have merged &
101 a
- : 2 '
Prior: f(x1,x2) o< N(x1;10,5%) |

Posterior: f(x|D) =7 .

[CIVML /Example_identifiability.m]
Professor: J-A. Goulet ® Polytechnique M

c Machine Learning for Civil Engineers
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Summary — Monte-Carlo Sampling

For D observations and S samples : x5 : X ~ h(x) = f(x)

H F(yjlxs)
j=1

[T=1 F(yilxs)

f(D)

%
0|~
M

0
Il
=

n|
(]
1T

E[x|D] =

"
Il
—

var[x|D] =~ (xs — E[x|D])

2. ?:1 f(yj‘xs)]

n|
(]

f(D)

"
Il
—

Warning: Monte Carlo
integration using h(x) = f(x) is
not a good choice when D is
large.

Professor: J-A. Goulet ? Polytechnique Montréal
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Example — Lab [] estimation

Example — Lab [] estimation

A laboratory test for measuring [ | Hg follows

[ y=Xx+4v, if X+v>10ug/L
y: y =error, if X+ v <10ug/L

vV~ N(v;0,2%)

What is the posterior PDF describing the []
if D = {error} if the prior is either

» f(x) =U(x;0,50)
> f(x) = N(x;25,102)

Professor: J-A. Goulet ® Polytechnique Montréal
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Example — Lab [] estimation

Example — Lab [] estimation [4|

Prior Likelihood Posterior
0.20 : 1.00 : 0.10 :
0.15 — -
o = S)
2010 | Q050 | =005
0.05 = =
0.000—=35 50 000—=5=% 00— =5 =
X X X
Prior Likelihood Posterior
0.20 : 1.00 : 0.20 :
0.15 I - 0.15
— ) Q
go.m 1 Q050 1 = 0.10]
0.05 = *=0.05
0.00, 95 50 V00 =5 U0 %5 50
X X X

[CIVML/contamination_lab_test.m]
Professor: J-A. Goulet ¢
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Example — Lab [] estimation [4|

Prior Likelihood Posterior
0.20 : 1.00 : 0.20 :
0.15 | = S0.15—
%o.m | & 0.50 | =010
0.05 = = 0.05
0.00 95 50 00 555 V00 %5 50
X X X
18 b
o) = <> (11fGshxs) = 0.067
s=1 | j=1
S - D
1 [T—: F(yslxs)
E[x|D] ~ = L= =6.27
[x|D] S ; _xs D)
S r D
1 [T—1 f(yjlxs)
var[x|D] =~ 3 Z (xs — E[x|D])? - % =17.96
s=1 [

[CIVML /contamination_lab_test.m]

? Polytechnique Montréal

Professor: J-A. Goulet
40/ 64

Bayesian Estimation | V2.3 | Probabilistic Machine Learning for Civil Engineers



Introduction Continuous Monte Carlo

Conjugate Prior

Summar

Example — Lab [] estimation

Example — Lab [] estimation [4|

Prior Likelihood
0.20 ‘ 1.00 :
0.15 —
= 8
= 0.10 9/ 0.50
0.05 =
0.00, 95 0 0.00 ok
x x
1S
D) = 33 [F(yix)]
s=1
s
1 fylxs)
E[x|D] ~ -
WPl ~ g X T
18
var[x|D] = S Z [(xS — E[x|D])?
s=1

Professor: J-A. Goulet

Bayesian Estimation | V2.3 | Probabilistic Machine Learning for Civil Engineers

0.20

—~ 0.15f

= 0.10
*=0.05
0.00

, f(ylxs)}

Posterior

[CIVML/contamination_lab_test.m]

25 50
x

= 0.067

=6.27

=17.96

? Polytechnique Montréal
40 /64
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Example — Lab [] estimation [4|

What is the posterior PDF describing the []
if D= {25.4,23.6,24.1,- - ,24.3}1 100
and the prior is p(x) = U(x;0,50)?

Prior Likelihood Posterior
0.20
0.15 . .
— = Q
2010 S &
= =
0.05
0.09 % 5 2575 2550
x T T

f(D) = 119x107 "8 A
D e [H}i‘} f(yjyxs)] =1.95x 10783 A

Solution: * # MC samples or MCMC (Module #4)

[CIVML/contamination_lab_test.m]

Professor: J-A. Goulet ® Polytechnique Montréal
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PDF parameters

6.1 Context

6.2 Prior — f(6)

6.3 Likelihood — f(D|6)

6.4 Posterior PDF — £(0|D)

6.5 Posterior predictive — f(x|D)
6.6 Monte-Carlo sampling

6.7 Example — Concrete strength

Professor: J-A. Goulet ? Polytechnique Montréal

Bayesian Estimation | V2.3 | Probabilistic Machine Learning for Civil Engineers



Introduction 3ayes « Vlonte Carlo PDF parameters Conjugate Prior  Summar

Context

determininistic v.s. random variables

So far, we have employed data D to estimate our posterior
knowledge given the hypothesis that a true quantity X exists.

f(Dlx) - f(x)

When the number of independent observations D — oo

E[x|D] - x , var[x|D]— 0
<~ —

true value true value

What happens if a true quantity X does not exists
because X is a random variable?

Professor: J-A. Goulet ? Polytechnique Montréal
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0®00

Context

Bayes for random variables

» X: random variable, fx(x; 0) f(D|0) - £(6)
» O: PDF's parameters

» {xqi,x2, -+ ,xp}: realizations of X

Professor: J-A. Goulet ® Polytechnique Montréal
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X ~ f(z]0) : Random variable v

Context

}tx,0x :Parameters of f(z|@)
—_——

® Polytechnique M




PDF parameters

0000

Context

X ~ f(2]0) : Random variable B —
X
~
f(x16)
Kx,0x :Parameters of f(x]0)
——
6 -

x

(true values)
(i,.5.)

f(pa, 02| D)

{px,ox} ~ f(pa; 0x)} Prior
{nx,0x}|D ~ f(us, ox|D)} Posterior

Professor: J-A. Goulet 9 Polytechnique Montréal
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PDF parameters {

Introduction

C’O’n’text
Notation
x: X ~ f(x) = f(x;0): PDF of X
0 : 0 ~ f(6): Prior PDF of unknown parameters

f(D|0): Likelihood of observations D = [y1,-- - , yp]T

f(0|D): Posterior PDF for unknown parameters

f(x|D) = / f(x;0) - f(6|D)d0: Posterior predictive PDF for the

random variable X

? Polytechnique Montréal
46 /64

Professor: J-A. Goulet
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Introduction

Prior — f(6)

Prior — f(0)

f (@) describes our prior knowledge for the values that values € can
take. Prior knowledge can be based on

» Engineering heuristics (expert knowledge)

» The posterior PDF obtained from previous data

» Non-informative prior (i.e. absence of prior knowledge)
» For the mean: f(pu) 1
> For the standard deviation: f(o) oc £

» /\ You cannot sample form a non-informative prior because it
is not a proper probability distribution, [ f(p)dpu = oo # 1.
(Solution: MCMC methods — Module 4)

? Polytechnique Montréal
47 /64
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Likelihood — £(D|6

Likelihood — 7(D|0)
f(D|6) = f(Y =y|0) = f(y|@) = L(O]y): likelihood of observing
D given 6.
Given an observation D = {y1} being a realization of y = x + v,
—

additive

where v : V ~ N(v;0,0%) and x : X ~ N(x; pux, 0% )
——
0
f(y16) = Ny ux, ok + o)

multiplicative

Given an observation D = {y;} being a realization of iy = x - v,
where v : V ~ InN(v;0,02 ) and x : X ~ In N (x; pun x, 0 x)
—_———

0
f(y|0) = NN (y; tunx, 0 x + o v)

Professor: J-A. Goulet ? Polytechnique Montréal
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Posterior PDF - f(6|D

f(0|D): Posterior PDF — Effect of D

When the number of independent observations D — oo

true value
P
f(6|D) = % —3( 6)

Dirac delta PDF

E[8|D] — 6
~—

true value

f(9)

var[@|D] — 0
-

true value

Professor: J-A. Goulet ? Polytechnique Montréal

49 /64
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Posterior predictive — f(x|D)

Posterior predictive — f(x|D)

Using Bayes:
f(D|9) - £(6)

From there, we seek to obtain the posterior predictive PDF,

f(x|D) :/f(x; 0)f(0|D)d6o

Professor: J-A. Goulet ? Polytechnique Montréal
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Monte-Carlo sampling — Posterior PDF

For D observations and S samples : 65 ~ h(8) = f(0)

f(D)

E[0|D]

var[6|D]

Professor: J-A. Goulet

Q

Q

[Twsl60)

0 -

H_?:l f(y;165)
f(D)

(6s — E[0]D])

2 }):1 f(ijs)
(D)

? Polytechnique Montréal

Bayesian Estimation | V2.3 | Probabilistic Machine Learning for Civil Engineers
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Monte-Carlo sampling

Monte-Carlo sampling — Posterior predictive PDF

For D observations and S samples : 65 ~ h(0) = f(0)

Xs: X ~ f(x;05)

%
0|~
M«

. 1Lt

)

var[X|D] =~ éz (xs — E[x|D])

2 }):1 f(ijs)
(D)

Professor: J-A. Goulet ? Polytechnique Montréal
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Iéx&nple - Con;réte srtrrerr1gﬂr1
Example - Concrete strength

Reality (unknown!, jig = 42 MPa, 5r = 2 MPa)

R ~ In/\/(r; HInR;UInR) MPa
ﬁ; U\Rg (Note: Concrete

strength (R) has an

intrinsic variability)

We seek:

Likelihood Prior PDF
Posterior PDF -\

N ——
,_f( a_\|D) _ f(Yi=y1,-, Yo = wlur,0r) - f(r,0R)
MR- TR f(ylzylv"'vYD:yD)

~

Normalization constant

Professor: J-A. Goulet ? Polytechnique Montréal
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Example — Concrete strength

Likelihood Prior PDF
Posterior PDF
———  f(Mi =1, Yb =lur, or) - f(ugr, or)
f(ur, oRID) =
f(Yi=y1, -, Yo =)

Normalization constant

Prior knowledge: f(ugr,or) = f(ur) - f(or), (Lr L or)

f(ur) = NN (LR tinury Onpug)s F(OR) = INN(OR; tnogs Tinog)

J/

Hur = 45 MPa Hog —5MPa
0uz = (MPa 0or = 2MPa

Goulet

Bayesian Estimation | V2.3 | Probabilistic Machine Learning for Civil Engineers
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Likelihood Prior PDF
Posterior PDF o, v | 37 )
1=Y1, 5 YD = WIKR, OR) T(LR, OR
f(ur, oRID) =
fFVi =y, -, Yo =)
Normalization constant
Press capacity > R ﬂ

Observation errors: Iny =Inr+v, v:V ~ N(v;0,0.01%2) MPa
Likelihood: f(y|8) = INN(y; fiinr, 02 p + 0% )
—~—

=0.012
f(Yi=y1,--, Yo = w|ur,0r) =
D

2
Iny; — pinr

1 1
H exp S|l TS
i=1 yiv/2my\ /o2 g +0.012 \/o& g +0.012

TV
Lognormal PDF
Professor: J-A. Goulet ? Polytechnique M
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Introduction

Concrete strength — Results [4]

PDF - prior Likelihood (N = 1)
= S
% &
5 =
= 8
P
10 60 10 60
5 J 5 j
ol el
=39.7 MPa " 1A i "
7 ’ PDF - posterior PDF - predictive
—Predicfive PDF
o —Reality
. - IS a
Posterior predictive ° S
~ =
= o~
f(r|D) = /f(r|0)f(0|D)d0 =
5 40 90
op O 20 LR 10 30 50 70

r
[CIVML/Example_Bayes_concrete.m)

Professor: J-A. Goulet



te Prior  Summar

Introduction

Example — Concrete strength

Concrete strength — Results [4]

PDF - prior Likelihood (N = 2)
E S
A 5
& =
= 3
10 ; 10 |
5 0204060 5 0204060
y1 = 39.7 MPa IR KR IR KR
Yo = 42.0 MPa PDF - posterior PDF - predictive
— Predicfive PDF
o —Reality
. . 5 8
Posterior predictive £ =
F(rD) = / F(r0)f(0D)d6 | T -
5 40
20 10 30 50 70
op 0 BR

r
[CIVML/Example_Bayes_concrete.m)

Professor: J-A. Goulet
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Concrete strength — Results [4]

PDF - prior Likelihood (N = 5)
= 5
b -y
- =
ot 3
= a
= =
P
10 50 10 50
5 5
020 40 020 40
IR HR 9R HR
D=5 PDF - posterior PDF - predictive
—Predictjve PDF
a —Realit;
: - S )
Posterior predictive = =
2 =
£(r|D) = / F(rlO)F(OD)dO | T k
i lhe
10 30 50 70
op 0 KR r

[CIVML/Example_Bayes_concrete.m]
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Introduction

Example — Concrete strength

Concrete strength — Results [4]

PDF - prior Likelihood (N = 10)
= 5
S -y
- &
= 3
= Q
= =
P
10 50 10 50
5 5
020 40 020 40
IR IR IR IR
D=10 PDF - posterior PDF - predictive
—Predictjve PDF
§ —Realit
. - 5 a
Posterior predictive & =
2 =
£(r|D) = / F(rlO)F(OD)dO | T k
5 40 60
op 0 20 up 10 30 50 70

T
[CIVML/Example_Bayes_concrete.m]

Professor: J-A. Goulet
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Example — Concrete strength

Concrete strength — Results [4]

PDF - prior Likelihood (N = 100)
g <
5 S
= 8
P
10 60 10 60
5 )
L0 10 Py
R KR R KR
D = 100 PDF - posterior PDF - predictive
. —Predictfve PDF
a — Reality
Posterior predictive N a
= &
— = S
F(r|D) = /f(rw)f(eyp)de s
5 60
0 20 %0 10 30 50 70
OR LR r

[CIVML/Example_Bayes_concrete.m]

Professor: J-A. Goulet
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Concrete strength — Results [4]

f(8|D) — 5(6)
~—~
Dirac delta PDF

p%

E[0D] — &
~—

true value

f(r|D) — f(r)
~—~

true PDF

Professor: J-A. Goulet

PDF - prior
‘=
S
5
=
10
5 ” 40 60
op Y MR

PDF - posterior

]
s~
A
=
=
0

5 el 60

R MR

Bayesian Estimation | V2.3 | Probabilistic Machine Learning for Civil Engineers

Likelihood (N = 100)

=

S

&=
=
a

S

10 -

5
0 20 40
R MR

PDF - predictive

—Predictjve PDF
— Reality

10 30 30 70
r

[CIVML/Example_Bayes_concrete.m]
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Conjugate Prior

7.1 Introduction

7.2 Formulation

7.3 Example — traffic safety
7.4 List of conjugate priors

Professor: J-A. Goulet ? Polytechnique Montréal
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Introduction

Definition — Conjugate prior

For specific combinaisons of prior distribution and likelihood
function, the posterior PDF follows the same type of
distribution than the prior PDF.

Moreover, analytic formulation for the parameters of the
posterior PDF exists.

Professor: J-A. Goulet ® Polytechnique Montréal
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Introduction

Example — Conjugate prior [4]

S = {Head, Tail}, Pr({Head}) =X

-

What is the likelihood f({Head, Tail, Head} |x)?

D

[CIVML /Beta_example.m]
Professor: J-A. Goulet ? Polytechnique Montréal
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Formulation

Beta-Binomial — Conjugate prior
If the prior follows a Beta PDF,
X711 = x)f1
B(a, B)
the likelihood of binary observations Dy = {0,0,--- ,0}1xp,
D1 ={1,1,--- ,1}1xp, follows a Binomial distribution

f(D]x) o xP1(1 — x)Po
then the posterior follows a Beta PDF
x71(1 - x)81
B(a, 5)
XOc+D1—1(1 _ X)5+Do—1
B(a + D1, 8 + Do)
= B(x;a+ D1, + Do)

Professor: J-A. Goulet ? Polytechnique Montréal

f(x) =B(x;a, ) =

f(x|D) = xPr(1—x)™.
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Example — traffic safety

Example — traffic safety

Given an intersection where the number
of users is u = 3 x 10°/yr and for which
a = 20 accidents occurred over the
last five years.

Following modifications to decrease the probability of accident
Told, We observe a = 1 accident over a period of one year.

What is the predictive probability of accident mew
for this intersection after modification?

Professor: J-A. Goulet ® Polytechnique Montréal
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Conjugate Prior

Example — traffic safety [4|
f(r|Dolg) = B(m;20,5 x 3 x 10°) (Conjugate)
F(7|Drew) o 7+ (1= ) (1 F(n|Doa)) (- Conjugate)
ehhood per

prior(upper bound)
Before interventions | # users = 1.4999 x 108, # accidents = 20

p(r|data)

We cannot see anything if we
plot the Beta PDF in the original
space. Solution — transform in
log;o-space

0.2 0.4 0.6
7 = Pr(accident [user)

After interventions | # users = 3.0903 x 10, Jtaccidents = 1

0.8

0.8

drm

[CIVML /congugate_prior_intersection_safety.m]

:é dlogqg(m -t
£ F(logao(m)) = f(w)'\¢
( 0.2 0.4 0.6

7 = Pr(accident /user)
Professor: J-A. Goulet

? Polytechnique Montréal
Bayesian Estimation | V2.3 | Prob: Machine Learning for Civil Engineers



Introduction B Conjugate Prior  Summar
© ) 000000

Example — traffic safety

Example — traffic safety [4]

f(r|Dolg) = B(m;20,5 x 3 x 10°) (Conjugate)
F(7|Drew) o 7+ (1= ) (1 F(n|Doa)) (- Conjugate)
likelihood prior(up;;; bound)

Before interventions | # users = 1.4999 x 105, # accidents = 20

We cannot see anything if we
plot the Beta PDF in the original
10~190-910-810"10~610=510~*10~310=210~1 107 space. Solution — transform in
7 = Pr(accident /user) |
After interventions | # users = 3.0903 x 10°, #a ccidents = 1 Oglo'space

p(r|data)

p(r|data)

f(log1o(7)) = () - w log(10)

1071%0791075107"10~%10~°10~*10 73107220 10"
7 = Pr(accident [user)

[CIVML /congugate_prior_intersection_safety.m]

Professor: J-A. Goulet ? Polytechnique Montréal
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Introduction

List of conjugate priors

List of conjugate priors

Parameter Likelihood  Prior/Posterior  Posterior predictive
Pr(E;): probability Binomial Beta Pr(+)

N: nb. of occurence Poisson Gamma Negative Binomial
(: mean Normal Normal Normal

o: std. Ig ae T

1, 0: mean and std. NIG T

1, 3: mean and covariance Normal NIG T

Complete list:
http://en.wikipedia.org/wiki/Conjugate_prior

Professor: J-A. Goulet ? Polytechnique Montréal
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Bayesian Estimation |

Summary

likelihod ~ prior

f(D|x) - f(x)

’ . fxI D)= ———
Bayes's rule: (x|D) (D)

posterior
normalization cte.

Prior — f(x), f(0): based on: Engineering heuristics,
Previous posterior PDF, Non-informative prior
Likelihood — f(D|x) or f(D|0): Conditional probability
of a set of observations D given the values that x or 6
can take
Evidence — f(D):

(D) = /f(y|x) F(x)dx = 1

| —

continuous case

MC sampling from the prior

(D)~ 155 [T )]
T1)_; f(yjlxs)
EXD] & § S |xs gy
IT7_; f(yjlxs)
D]~ 335, | — Blp))? - L)

Limited to simple cases — MCMC Module 4

Posterior — f(x|D): When the number of independent
observations D — oo

true value
D|x)f(x
(D) = == = 6(5)
N——
Dirac delta PDF

true value
(01D) = % —5(0)

N —
Dirac delta PDF

Posterior Predictive — f(x| D)

f(x|D) :/f(x; 0)f(6|D)do

:| Conjugate priors: For specific combinaisons of prior
distribution and likelihood function, the posterior PDF
follows the same type of distribution than the prior PDF

Polytechnique Mon

3 | Probabilistic Machine Learning for Civil Engineers 64
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