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Section Outline

Notation
1.1 Scalars
1.2 Vectors
1.3 Matrices
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Scalars

Scalars

Scalar → Single number

x ∈ R ≡ (−∞,∞)
∈ R+ ≡ (0,∞)
∈ Z ≡ {−∞, · · · ,−1, 0, 1, 2, · · · ,∞}
∈ ... (0, 1)
∈ ... (0, 1]
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Vectors

Vectors

1-D array containing numbers or scalars

x ≡ x =


x1

x2
...
xn



If e.g. each [x]i ∈ R,∀i = {1 : n} → x ∈ Rn
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Matrices

Matrices

2-D array containing numbers or scalars

X ≡ X =


x11 x12 · · · x1n

x21 x22 · · · x2n
...

...
. . .

...
xm1 xm2 · · · xmn



If e.g. each [X]ij ∈ R,∀i = {1 : m}, j = {1 : n} → X ∈ Rm×n

Professor: J-A. Goulet Polytechnique Montréal
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Matrices

Square Matrix

2-D array containing numbers or scalars

X =


x11 x12 · · · x1n

x21 x22 · · · x2n
...

...
. . .

...
xn1 xn2 · · · xnn



If e.g. each [X]ij ∈ R,∀i , j = {1 : n} → X ∈ Rn×n
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Matrices

Diagonal Matrix

2-D array containing numbers or scalars along its main diagonal
and zero elsewhere.

Y = diag(x) =


x1 0 · · · 0
0 x2 · · · 0
...

...
. . .

...
0 0 · · · xn


n×n
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Matrices

Identity Matrix – I

An identity matrix is a square matrix where elements on the main
diagonal are 1 and 0 everywhere else.

I =


1 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1


n×n

Ix = x
IX = X
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Matrices

Block diagonal matrix

A block diagonal matrix concatenates several matrices on the
diagonal of a global matrix.

A =

[
1 2
3 4

]
, B =

 4 5 6
7 8 9

10 11 12



blkdiag(A,B) =


1 2 0 0 0
3 4 0 0 0
0 0 4 5 6
0 0 7 8 9
0 0 10 11 12


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Matrices

: Matrices

import numpy as np

import scipy as sp

A = np.ones((3,2)) #3x2 matrix filled with ones

B = np.eye(5) #5x5 identity matrix

C = np.array([[1, 2, 3], [4, 5, 6]]) #2x3 matrix

D = C[1,2] #D=6

E = C[0,:] #E=[1 2 3]

F = np.diag(E) #F=3x3 diagonal matrix

G = sp.linalg.block_diag(A,B) #Block diagonal matrix
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Section Outline

Operations
2.1 Transposition
2.2 Multiplication
2.3 Matrix inversion
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Transposition

Matrix transposition

X =

[
x11 x12 x13

x21 x22 x23

]
→ Xᵀ =

 x11 x21

x12 x22

x13 x23



[Xᵀ]ij = [X]ji
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Multiplication

Matrix multiplication

C = AB

= A× B

[C]ij =
∑

k [A]ik · [B]kj

Cm×n = Am×kBk×n
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Multiplication

Multiplication rules

A(B + C) = AB + AC (Distributivity)

A(BC) = (AB)C (Associativity)

AB 6= BA (Not commutative)

(AB)ᵀ = BᵀAᵀ (Conjugate transposability)

xᵀy = x · y (Inner product)
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Multiplication

Linear systems
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Multiplication

Hadamar product – Element-wise product

C = A� B

[C]ij = [A]ij · [B]ij

Cm×n = Am×n � Bm×n
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Matrix inversion

Matrix inversion

A−1A = I

To be invertible, a matrix must be square and must not have
linearly dependent rows or columns.

For a system of equation

Ax = b
A−1Ax = A−1b

Ix = A−1b
x = A−1b
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Matrix inversion

: Operations

import numpy as np

A = np.ones((3,2)) #3x2 matrix filled with ones

B = np.array([[1, 2, 3],[4, 5, 6]])#2x3 matrix

C = B[0:1,0:1]

D = np.linalg.inv(C) #D=inverse(C)

E = A @ B #Matrix multiplication

F = A * B.transpose () #Element -wise multiplication

G = np.linalg.lstsq(F,B.transpose ()[:,0][:,None])[0] #G=F^-1

*B(1 ,:)
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Norm of a vector

Definition

Norms measure how large a vector is. The Lp norm is

||x||p =

(∑
i

|[x]i |p
) 1

p

(Lp-norm)

||x||2 =

√∑
i

[x]2i ≡
√

xᵀx (Euclidian norm)

||x||1 =
∑
i

|[x]i | (Manhattan norm)

||x||∞ = max
i
|[x]i | (Max norm)
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Norm of a vector

Norms

||x||2 =
√
x2

1 + x2
2

||x||1 = |x1|+ |x2|
||x||∞ = max |x1, x2| = x1

The L2-norm (euclidian distance) is the most common
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Section Outline

Transformations
4.1 Linear transformation
4.2 Determinant
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Linear transformation

Linear transformation [ ]

x1 = [−1,−0.99, · · · , 1]ᵀ

x2 : [x2]i =
√

1− [x1]2i

X = [x1, x2]

X′ = AXᵀ

A =

[
1 0
0 1

]
det(A) = 1

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

x′1

x
′ 2
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Linear transformation

Linear transformation [ ]

x1 = [−1,−0.99, · · · , 1]ᵀ

x2 : [x2]i =
√

1− [x1]2i

X = [x1, x2]

X′ = AXᵀ

A =

[
1 0
0 2

]
det(A) = 2
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Linear transformation

Linear transformation [ ]

x1 = [−1,−0.99, · · · , 1]ᵀ

x2 : [x2]i =
√

1− [x1]2i

X = [x1, x2]

X′ = AXᵀ

A =

[
1.5 0
0 1

]
det(A) = 1.5
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−3

−2
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x′1

x
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Linear transformation

Linear transformation [ ]

x1 = [−1,−0.99, · · · , 1]ᵀ

x2 : [x2]i =
√

1− [x1]2i

X = [x1, x2]

X′ = AXᵀ

A =

[
1 0.5

0.5 1

]
det(A) = 0.75
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Linear transformation

Linear transformation [ ]

x1 = [−1,−0.99, · · · , 1]ᵀ

x2 : [x2]i =
√

1− [x1]2i

X = [x1, x2]

X′ = AXᵀ

A =

[
1 0.9

0.9 1

]
det(A) = 0.19
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Determinant

Determinant – det(A)

For a square matrix [A]n×n, det(A) : Rn×n → R.

The determinant measures how much the matrix contracts or
expands the space.

I det(A) = 1: preserves the space/volume

I det(A) = 0: contracts the space/volume along 1-D

The determinant is the product of the
eigenvalues of a matrix
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Section Outline

Eigen decomposition
5.1 Definition
5.2 Example
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Definition

Eigen decomposition
A square matrix [A]n×n can be decomposed in
eigenvectors {ν1, · · · ,νn} and eigenvalues {λ1, · · · , λn}.

In their matrix form,

V = [ν1, · · · ,νn]
λ = [λ1, · · · , λn]ᵀ

A = Vdiag(λ)V−1

A matrix is positive definite if all eigenvalues > 0
A matrix is positive semidefinite if all eigenvalues ≥ 0

For positive semidefinite (PSD) matrices

∀x, xᵀAx ≥ 0
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Example

Example – Eigendecomposition [ ]

x1 = [−1,−0.99, · · · , 1]ᵀ

x2 : [x2]i =
√

1− [x1]2i

X = [x1, x2]

X′ = AX

A =

[
1 0.5

0.5 1

]
V =

[
−0.71 0.71
0.71 0.71

]
λ = [0.5, 1.5]ᵀ

−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

ν1
ν2λ1ν1
λ2ν2

x′1

x
′ 2
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Example

: Eigen decomposition

import numpy as np

A=[[1, 0.5],[0.5, 1]] #2x2 matrix

V = np.linalg.eig(A) #Eigen decomposition of A

V[1] #matrix of eigenvectors

lambda_ = V[0] #vector of eigenvalues
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Summary
Matrix transposition

X =

[
x11 x12 x13
x21 x22 x23

]
→ Xᵀ =

 x11 x21
x12 x22
x13 x23



Matrix multiplication

C = AB

= A× B

[C]ij =
∑

k [A]ik · [B]kj

Cm×n = Am×kBk×n

Element-wise product

C = A� B
[C]ij = [A]ij · [B]ij

Cm×n = Am×n � Bm×n

Matrix inversion

A−1A = I

Norm of a vector

||x||2 =

√∑
i

[x]2
i ≡
√

xᵀx

Determinant
det(A) : Rn×n → R measures how much
the matrix contracts or expands the space

Eigendecomposition
A matrix is positive semidefinite if all
eigenvalues ≥ 0. For positive semidefinite
(PSD) matrices

∀x, xᵀAx ≥ 0
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