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Pourquoi?
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il

0
Q= {x:g(x) <0} d

Comment modéliser fx, x,(x1,x2) si fx,(x1) et fx,(x2) ont des
densités de probabilités marginales différentes?

Par exemple: Xj a une distribution de type Gamma, X5 suit une loi
normale et px, x, = 0.6.

Question: Comment définit-on fx(x) et Fx(x)?

Enseignant: J-A. Goulet ? Polytechnique Montréal
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Définition — CDF/PDF

Loi Morgenstern bivarié
Soit deux variables aléatoires X7, X

Fx,x,(x1,x2) = F1(x1)F2(x2){1 + a12[1 — F1(x1)][1 — F2(x2)]}
(Rappel: Fx;x,(x1,00) = F1(x1) et Fx;x,(00,x2) = F2(x2))
En dérivant le CDF, on obtient le PDF
fxyx, (X1, x2) = fi(x1)fa(x2){1 + a12[l — 2F1(x1)][1 — 2F2(x2)]}

—1 < a3 <1 controle la corrélation entre X1, X5 J

Enseignant: J-A. Goulet ? Polytechnique Montréal
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Loi Morgenstern bivariée - a;5?

Soit deux variables aléatoires X7, X

—+o00 “+o00
X1 — 1\ [ X2 — p2
P12 =/ / ( K > ( = > fx,x (X1, x2) dxy dxo
—00 —00 g1 (0]

p12 = 4a12Q1 @2

ol .
Qi = / (M) fi(xi) Fi(xi ) dx;
oo or
donc
4 Q2

Enseignant: J-A. Goulet ? Polytechnique M
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Corrélation - aj;

Loi Morgenstern bivariée - Q;

| Distibuton | COF ____[Standardiaion| 0
x—p
u=
o

X — W 1
m q,( 7 ) Zﬁ_ozsz
x—a x—a V3
<x< = =
m R Gsrs =G 6_0.289
1
Shifted exponenti 1-expl-a(x—x)l, % <x u=alx—x) 7025

%

i 1—ex] [—l(ﬂ)z] Xg <X u_x_—xu —— = 0.280
Shifted Rayleigh P=5 2% S - =
Type | largest vale exp{—exp[—a(x - )]} u=a(x—v) —1/521:6 =0.699
Type | smallest value 1 - exp{—exp[a(x —v)]} u=a(x—v) % — 0270

® (‘""_‘1) o BEND L e
Lognormal 7 ’ NA 2 f—exp({z) —1 .
Tk, Ax) I'(2k)
m LCRE A ez < 4%

V\K (2¥k —1)r(1 - 1/k)
~ [_ (;) ] o A 2/T(1-2/K) -T2(1-1/K) <0270

Type lll smallest 1o -CZY], e<s NA _G-2Mra+ii
value v—e 2T +2/K) - 21 + 1/K)
P-L. Liu, and A. Der Kiureghian (1986). Multivariate distribution models with prescribed marginals and
covariances. Probabilistic Engineering Mechanics, 1(2), 105-112.

<0.270

Goulet Polytechnique Montréal
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Cas multivarié (N > 2)

Loi Morgenstern multivariée

Soit n variables aléatoires X = { X1, Xo, -+ , Xp}

Fx(x) = {H Fi("i):| {1 +>alt = RO = Fe) + D aglt = RO — F)IL — Frlxe)] + }

i<j i<j<k

fx(x) = {H fi(Xi):| {1 + D ol = 2R 0L — 2F06)] + D agill — 2F ()11 — 2F;(x)][1 — 2Fi(x0)] + }

i<j i<j<k

Enseignant: J-A. Goulet ? Polytechnique Montréal
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Cas multivarié (N > 2)

Loi Morgenstern multivariée (cont.)
Soit n variables aléatoires X = { X1, Xo, -+ , Xp}

P12k

a12...k = (_2)leQ2"'Qk
X1 — Xo — Xn — tn
= |(B5) (5572) - (55)
o1 o on

en pratique: pip..x =0 J

Limitation: La loi Morgenstern multivariée n'est valide que pour

—0.336 < p;; < +0.336

Enseignant: J-A. Goulet ? Polytechnique Montréal
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Exemple

Exemple #3.1 - Morgenstern multivarié
Soit Xi une variable aléatoire de type Rayleigh

X 1 X 2 1 X 2
fo () =z exp [‘5 () ]  Fala) = 1o [‘5 () ]
1

ol le paramétre o1 = 1, et X, une variable aléatoire log normale

2
hele) = Xz—\/lﬂC =P [_% <$> ] , Fxp(X) =9 (_Inng— A)

ol les parametres A =0 et ( = 0.3 et p1» = 0.307

i (X1, x2) = fi(x1) () {1 + a12[1 — 2F1(x1)][1 — 2F2(x2)]}

Enseignant: J-A. Goulet ? Polytechnique Montréal
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Exemple

Exemple #3.1 - Morgenstern multivarié (cont.)

fx, (x1) fx, (x2)

2 2
fx, x, (X1, %) = X ex ! <X1> X L ex ! (lnx2_)\> X
X1 Xo\ X1y X2 ) — o1 p 2 0_% XQ\/%C p 2 C

1 /x> X2 — A
T4+an [2exp| -2 () | -1 [1-20 (22
2 g1 C
1—2FX1 (Xl) 1_2FX2(X2)
P12
A~
N 0.307 1
12 = =
4 % 0.280 x w
T exp(0.32) — 1
1 | —
@

Enseignant: J-A. Goulet ? Polytechnique Montréal
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Exemple

Exemple #3.1 - Morgenstern multivarié (cont-2) [#]
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Propriétés

Loi Morgenstern multivariée - propriétés

1. Compatible avec n'importe quel ensemble de distributions
marginales

2. A Limitée aux cas ot —0.336 < p;; < +0.336

Enseignant: J-A. Goulet ? Polytechnique Montréal
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Définition

Loi Nataf multivariée - Principe fondamental

Soit les distributions marginales X; ~ fi(x;), i=1,--- ,n

On transforme chacune des distributions marginales
dans I’espace normal centré réduit (NCR)

Zi ~ ¢(z)

d(z) = Fi(x;) zi = <|>_1[":i(xi)]

Enseignant: J-A. Goulet ? Polytechnique Montréal
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00

Définition

Transformation dans I'espace NCR [4][4]

0.74 i 3.4 074 209
x =3 1 1

ox =05

o(u)
Ix(x
o(u)

Ix(@)
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00 000000
Définition

Loi Nataf multivariée

Soit les distributions marginales X; ~ fi(x;), i =1,--- ,n, pjj,
i,j=1,---,n, et soit un ensemble correspondant de variables
aléatoires normales centrées réduites Z; ~ ¢(z;).

Zj = d)_l [F,'(X,')]

A partir de fx(x)dx = fz(z)dz, on obtient

fx(X) = fz(Z)

fi(xi) — & (2
¢(Z,')’ Fx(X) = (Dn( 7Ro)

%2 _ R[]
dx — @Pn\ &, Oi:1

Il ne reste qu’a identifier la matrice de corrélation Ry # R

Enseignant: J-A. Goulet ? Polytechnique Montréal
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Corrélation

Loi Nataf multivariée - Rg

1 po12 -~ poin

1 e p072
Rp = n
- PO,n—1n
sym. 1
pj = fonction(po ;)

+o0  p+fo0 Xi — [
/ / < g : ) ( NJ) ¢2(zi72j,Po,g)dz,-dzj

» En général, [pji| < |po.ijl-
Il n'y a pas de solution directe liant p;; et po jj
» Résolution numérique inverse (i.e. Tables)

Enseignant: J-A. Goulet ? Polytechnique Montréal
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Corrélation

Loi Nataf multivariée - Ry (cont.)

X; X; C
Normale  Normale 1
Normale Groupe 1 constante > 1
pojj = Cpj, C>1 Normale  Groupe 2 C(9))
: Groupe 1 Groupe 1 C(pij)

Groupe 1 Groupe 2 C(pij, 6;)
Groupe 2 Groupe 2 C(pjj, dj,6;)

Groupe 1: Distributions linéairement normalisable
e.g. normale, uniforme, exponentielle, Rayleigh, ...
Groupe 2: Distributions non-linéairement normalisable
e.g., log normale, gamma, ...

Enseignant: J-A. Goulet ? Polytechnique Montréal

3 - Distribution multivariées | V1.5 | CIV8530 — Fiabilité des structures et systémes 19/31



Loi Nataf
00®00000

Corrélation

Distributions linéairement normalisable

! T T T
Normal-Normal
Uniform-Uniform
Lognormal-Lognormal (c.0.v. = 0.5)
0.5 =
Exponential-Exponential
=
S o i
=0.51 =
‘NOte lpij| < 1po,ijl ‘
-1 | | |
-1 =0.5 0 0.5 1

Pij

Goulet
Fiabilité des structures et systemes
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Corrélation

Loi Nataf multivariée - Ry (cont.2)

X; normal, X; group 1 X; normal, X; group 2
Distribution of

: In(1+87)
Shifted exponential 1.107 “ 1.001 - 0.0078; + 0.11857

Shifted Rayleigh 1.014

2
Type I largest value 1.031 Type Il largest value 1.030 + 0.2384; + 0.3646;
Type | smallest value 1.031 UEITEEIESRETEY 1.031 - 0.1956; + 032857

[Der Kiureghian (2013)]
Polytechnique Montréal

es structures et systémes
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Corrélation

Loi Nataf
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Loi Nataf multivariée - Ry (cont.3)

Uniform

1.047
—0.047p?

1.133
+0.029p?

1.038
—0.008p2

1.055
+0.015p2

1.055
+0.015p2

Both X; and X; group 1

Shifted
exponential

1.229 — 0.367p
+0.153p2

1.123 - 0.100p
+0.021p2

1.142 — 0.154p
+0.031p?

1142 + 0.154p
+0.031p?

Shifted Type | largest  Type | smallest
Rayleigh vale value
1.028 — 0.029p

1.046 — 0.045p 1.064 — 0.069p
+0.006p? +0.005p2

1.046 +0.045p 1.064 +0.069p 1.064 — 0.069p
+0.006p? +0.005p2 +0.005p?

[Der Kiureghian (2013)]

olytechnique Montréal
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Corrélation

Loi Nataf multivariée - Ry (cont.4)
X; group 1, X; group 2

Type Il largest

Lognormal Gamma value Type |l smallest value
1.019 + 0.0144; 1.023 — 0.0075; 1.033 + 0.3054; 1.061 — 0.2374;
+0.010p? + 0.24957 +0.002p? +0.12757 +0.074p? + 0.40557 —0.005p? +0.37987
1.098 + 0.003p 1.104 + 0.003p 1.109 — 0.152p 1.147 + 0.145p
+0.0195; + 0.025p? —0.0085; + 0.014p? +0.3616; + 0.130p? —0.2716; + 0.010p?

+0.30357 —0437p8;  +0.17367 — 0.296p3; + 045587 — 0.728p; + 045987 — 0.467p5;

1.011 +0.001p 1.104 +0.001p 1.036 — 0.038p 1.047 +0.042p
+0.0145; + 0.004p? - 0.0076; + 0.002p? +0.2660; + 0.028p> —0.2128; + 0.35387
+023157 —0.130p8;  +0.12687 — 0.090p3; +0.38387 — 0.229p5; —0.136p3;

1.029 +0.001p 1.031 +0.001p 1.056 — 0.060p 1.064 + 0.065p
+0.0146; + 0.004p? — 0.0076; + 0.003p? +0.2638; + 0.020p? —0.2108; + 0.003p?

+0.23357 — 0.197p5; +0.13187 — 0.132p5; +0.38387 — 0.332p; +0.35687 — 0.211p5;

1.029 - 0.001p 1.031-0.001p 1.056 + 0.060p 1.064 — 0.065p
+0.0148; + 0.004p? —0.0076; + 0.003p? +0.2635; + 0.020p? —0.2108; + 0.003p?
+0.23387 +0.197p8;  +0.13167 +0.132p5; +0.38387 + 0.332p; +0.35687 +0.211p5;

[Der Kiureghian (2013)]

? Polytechnique Montréal
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Loi Nataf
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Loi Nataf multivariée - Rg (cont.5
Both X; and X; group 2

Distribution
of X;
lue

Type Il largest
val

3 - Distribution multivariées | V1.5 | CIV8530 — Fiabilité des structures et systémes

Enseignant: J-A. Goulet

— 00195, +0.2228;
+0.018p7 +0.28857
+0.37987
+01268,5;
—0441p5;

- 0.277pé

1,031+ 0.052p
+00115, - 02108
+0002p? +0.22057
+0.35057
+00095,3;
+0005p8;

~ 0.174pé

1,029 + 0.056p

- 00308, +0.2256;
+0012p? + 017457
+0.37987 +0.0758,5;
—0.313p5, - 0.182p5)

1,032+ 0.034p

- 00075, - 0.2025)
+0.12157 + 033987
+0.0038,8; — 0.006p5,
- 011p8

~0371p(87 +87)
+0257p%(8;+6,)
+0.1415,5(6, + &)

1065 + 0.146p
+02418; - 0.2595;
+0.013p% + 037287
+0.43587 + 0.0345,5)
+0.00508, — 0.481p5)

Distribution ¥,
Type Il largest Type Il smallest
(egiar] ClD value value
In1 +p5,8)
pJIn(1+87)In(1+ 87
1,001 +0.033p
400046 - 00165, 1002 +0022p
+0.002p2 + 022382 0 5)
+0.13087 | semer
o +0.125(67 + 87)
Lo +0.0148,5 — 0.077p(5;
- 0.1195; +87)
1,086 +0.054p
+0.104(8; + )
1026 + 00825 - 0055,

1.063 — 0.004p
~ 02005, +8)
- 0.001p?

[Der Kiureghian (2013)]
? Polytechnique Montréal
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Corrélation

Loi Nataf multivariée - Ry Plage de valeurs admissibles

Normal Uniform Shifted. Shiftgd Type | Type |
exponential Rayleigh largest smallest
[-11]
[-0.977,0.977] [-1,1]
[-0.903,0.903]  [—0.866,0.866] [-0.645,1]
[-0.986,0.986]  [—0.970,0.970]  [—0.819,0.957] [-0.947,1]

[-0.969,0.969]  [-0.936,0936]  [-0.760,0.981]  [-0.9150.993]  [-0.886,1]

[-0.969,0969]  [-0.936,0936] [-0981,0.780]  [-0.983,0915]  [-1,0.886] [~0.886,1]

[Der Kiureghian (2013)]
Goulet Polytechnique Montréal
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Exemple

Exemple #3.2 - Nataf multivariée
Soit Xi une variable aléatoire de type Rayleigh

1 ? 1 ?
fx, (1) = %exp l—z (;—11) ] o Fx(xa)=1-—exp l—i <;<—11> ]
1

ol le parametre o3 = 1, et X, une variable aléatoire log normale

2
Bole) = g 0 [‘% (%) ] P =0 (T222)

ol les parametres A =0 et ( = 0.3 et p1» = 0.307

fi(xi)

fX(x) = d)n(zv RO)H ¢(Zi)

i=1

Enseignant: J-A. Goulet ? Polytechnique Montréal
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Exemple

Exemple #3.2 - Nataf multivariée (cont.)

(x) = én(z, Ro) ] 1)

1 (@)
x1 1 /x> 1 1 (Inxz—)\)z $2(21, 22, p0,12)
f )= sexp |5 (= =P | '
X1 (X1, %2) p exp { 5 <01> ] o P { 2 ¢ * T o(z)9(z2)
fig (x1) fx, (x2)

a = oGl =0 (1-ew |3 (2)])
n = o Fa(a)] = 071 (o (232))

C = 1.0114-0.001p1240.0146,+0.004p%,+0.23155—0.130p120, = 1.024

po,12 = C-p;j =0.315

Enseignant: J-A. Goulet ? Polytechnique Montréal
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Exemple

Exemple #3.2 - Nataf multivariée (cont. 2) [#4]

\l\\\\\
AT
A

? Polytechnique Montréal
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Propriétés

Loi Nataf multivariée — propriétés

1. Compatible avec n'importe quel ensemble de distributions
marginales dont le CDF est monotoniquement croissant et
dérivable

2. La plage de valeurs de corrélation admissible est plus large que
pour la loi Morgenstern

i Shifted Shifted Type | Type |
otmal Uitz exponential Rayleigh largest smallest
[-11]
[-0.977,0.977] [-1,1]

[-0.903,0.903]  [0.866,0.866] [-0.645,1]

[-0.986,0.986]  [-0.970,970]  [~0.819,0.957] [-0.947,1]
[-0.969,0969]  [-09360936]  [~0.760,0981]  [-09150993]  [-0.886,1]
[-0.969,0969]  [-0.9360936] [-0.981,0.780]  [-0.983,0915]  [~10.886] [-0.886,1]

[Der Kiureghian, (2013)]
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Résumé
Loi Morgenstern bivariée: Loi Nataf multivariée:

iy xo (415 X2) = (31 fa(xe){1+a12[1—2F (x1)][L—2F2 (x2)]} zi = 07 Fi(x)]

Fxy x, (x1, x2) = F1(a)F2(x2) {1+ o2 [1—F (x)][1— F2(x2)]}

fx(x) = én(z, RO)H

¢(Z/
-1< al;i 1 Fx(x) = ®,(z,Ro)
2= 0 po,j = Cpyj, €21
3 s

faxa®1%z)

Polytechnique Mon
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